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Dear AME members,
It is with great pleasure that I am writing the President’s message for yet another
issue of Maths Buzz, your newsletter.
Since the last issue in January 2015, there has been many activities that were
successfully organised, thanks to your ardent support and affirmation for the
EXCO’s efforts in planning and organising.
The AME Institutes for both 2015 and 2016 received overwhelming responses:
AME Institutes for 2015
Primary
17 March 2015
Engaging Pupils in Model-Eliciting Activities by Dr
Eric Chan
Secondary 17–18
March Teaching
Tricky
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through
Thoughtful
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Techniques by Dr Wong Khoon Yoong
AME Institutes for 2016
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15–16
March Motivating Low-Progress Learners to Learn Upper
2016
Primary Mathematics by Dr Yeo Kai Kow Joseph
Secondary 15–16
March Teaching
Tricky
Topics
through
Thoughtful
2016
Techniques by Dr Wong Khoon Yoong
Both Dr Yeo and Dr Wong will repeat the respective Institutes in 2017. Look out for
our announcement on registration.
Two yearly conferences for teachers, with keynotes and workshops targeting
specifically according to the respective levels of primary, secondary, and
JC/tertiary, were successfully organised:

AME-SMS Conference 2015 on 4 June 2015 at NUS High School,

Mathematics Teachers Conference 2016 on 2 June 2016 at NIE.
We would like to put on record our appreciation to NUS High School for opening its
premise for the yearly AME-SMS Conference from 2012 to 2015. Many teachers
express nostalgia for our earlier mathematics teachers conferences held at NIE –
Mathematics Teachers Conference 2005, 2006, 2007, 2008, 2009 and 2011. So, to
cater to larger number of participants, we have moved back to NIE. Moving
forward, this yearly Mathematics Teachers Conference will be jointly organized by
the Mathematics & Mathematics Education Academic Group of the National
Institute of Education, the Association of Mathematics Educators and the
Singapore Mathematical Society.
I would like to take this opportunity to thank you for your enthusiasm for the
activities organised. Meanwhile, do enjoy reading this issue of Maths Buzz.
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Tracing the Origin of Cheryl’s Birthday Puzzle
Joseph Yeo B. W.
National Institute of Education

The purpose of this article is to trace the origin of Cheryl’s
Birthday Puzzle and other related puzzles, discuss the flaw in
logic when some people attempted these puzzles, and draw
some implications on the relevance of such logic puzzles in
mathematics education, in the workplace and in our daily lives.
(All the online references to the puzzles mentioned in this article
are listed under the Bibliography. Some of these websites also
contain the full solutions.)

When Cheryl’s Birthday Puzzle first went viral, some people
immediately linked the puzzle to a famous puzzle called the
Sum and Product Puzzle (see Figure 2), which was first published
by the Dutch mathematician Hans Freudenthal in 1969. This
puzzle contains two parts: the first part is about the sum and
product of two numbers; the second part is about a
conversation between two mathematicians. It is this second
part that is similar to Cheryl’s Birthday Puzzle.

Background

Figure 2. Freudenthal’s Sum and Product Puzzle (1969)

On 11 April 2015, a TV presenter in Singapore, Kenneth Kong,
posted a puzzle about Cheryl’s birthday (see Figure 1) on his
Facebook, thinking that it was a Primary 5 maths problem
because his friend’s niece, who was in Primary 5, had difficulty
solving it. The puzzle, which will be called Cheryl’s Birthday
Puzzle, then went viral not only in Singapore but in many other
countries as well.
Figure 1. Cheryl’s Birthday Puzzle

Even after it was clarified on 13 April 2015 that the puzzle was
from a Secondary 3 and a Secondary 4 Singapore and Asian
Schools Math Olympiad (SASMO) contest, the puzzle continued
to go viral for various reasons. One possible reason is that many
people from all walks of life attempted it (since it is a logic
puzzle and does not require any maths knowledge to solve) and
obtained different answers. One group of people believed in
the correct answer July 16. The other group of people argued
for August 17. So there were two camps of people trying to
convince each other on social media, albeit unsuccessfully, thus
fuelling the debate.
The Origin of Cheryl’s Birthday Puzzle

I designed Cheryl’s Birthday Puzzle by modifying a question
posted on a blog in 2013 by Mr Brown, who thought it was a
PSLE question but later clarified that it was not. As the context
looked artificial, I changed it to two boys becoming friends with
a girl and wanting to know when her birthday was. I also
changed the dates. After the puzzle went viral, the earliest
reference I could trace was a post in 2006 in The Math Forum:
Ask Dr. Math. The person who posted it said there was
something wrong with the question and Dr. Math agreed that
this version had a problem and was not solvable. Another
person said on social media that he first encountered a similar
problem in the 1990s, but I was not able to trace the source.
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X and Y are two different integers, greater than 1, with
sum less than or equal to 100, with Y greater than X.
S and P are two mathematicians; S knows the sum X + Y,
P knows the product X  Y, and both are perfect logicians.
Both S and P know the information in these two sentences.




The following conversation occurs:
S says, “P does not know X and Y.”
P says, “Now I know X and Y.”
S says, “Now I also know X and Y!”
What are X and Y?
The Sum and Product Puzzle does not appear to contain
enough information to solve it, so Martin Gardner called it the
Impossible Puzzle. Even the detailed solution in Wikipedia is just a
verification for the sum 17 and product 52, which gives X = 4
and Y = 13, but you still have to prove that all the other sums
and products will contradict that conversation between the two
mathematicians. Therefore, it seems that someone has made
the Sum and Product Puzzle easier by replacing the sum and
product of the two numbers with 10 birth dates. However, I was
not able to trace who the person was.
In the meantime, another puzzle, which will be called the Ages
Puzzle (see Figure 3), started to spread on the Internet, although
it did not go viral. At first glance, the Ages Puzzle looks different
from Cheryl’s Birthday Puzzle. So why, of all puzzles, did the Ages
Puzzle start to spread after Cheryl’s Birthday Puzzle has gone
viral? On closer inspection, the Ages Puzzle is about the sum and
product of three ages, which is similar to the first part of the Sum
and Product Puzzle on the sum and product of two integers,
while the second part of the Sum and Product Puzzle on the
conversation is similar to the conversation in Cheryl’s Birthday
Puzzle.
Figure 3. Ages of Three Children (1996)

During a recent census, a man told the census taker that he
had three children. When asked their ages, he replied,
“The product of their ages is 72. The sum of their ages is
the same as my house number.” The census taker ran to
the door and looked at the house number. “I still can’t
tell,” she complained. The man replied, “Oh, that’s right. I
forgot to tell you that the oldest one likes chocolate
pudding.” The census taker promptly wrote down the ages
of the three children. How old were the children?

At the time of writing, Wikipedia can only trace the Ages Puzzle
to a post in The Math Forum: Ask Dr Math in 1996. (Although
Wikipedia also cites a link to the book Companion for Youth
published in 1859, the puzzle was entirely different: The ages of
three children together amount to 36 years, and they were born
two years apart. What is the age of each?) So the question is
which one comes first: the Sum and Product Puzzle or the Ages
Puzzle? Thanks to Hans van Ditmarsch who emailed me, he and
two others have managed to trace the Ages Puzzle to a puzzle
on the ages of three women (see Figure 4) in The Penguin
Problems Book, published in 1940 by Williams and Salvage (van
Ditmarsch, Ruan & Verbrugge, 2007). However, this version has a
slight problem: you need to know that a curate must be older
than 15 years old.
Figure 4. Ages of Three Women (1940)

“I’m taking three females on the river tomorrow,” said the
vicar to his curate. “Would you care to join our party?”
“What are their ages?” asked the curate cautiously.
“Far be it from me to disclose a lady’s age!” said the vicar,
“but I can tell you this – the product of their ages is
840, and the sum is twice the number of years in your
own age. You, a mathematician, should be able to find
their ages for yourself.”
“Sounds like casuistry, Vicar,” said the curate, “but, as a
matter of fact, I can’t find their ages from your data.
By the way, is the eldest older than you?”
“No, younger.”
“Ah, now I know their ages!” said the curate. “Thanks, I
will come with pleasure.”
What was the curate’s age? How old were the ladies? And
what can be deduced about the vicar’s age?
Therefore, the Ages Puzzle came first (1940 or even earlier),
followed by the Sum and Product Puzzle (1969). It is not known
whether Freudenthal designed the Sum and Product Puzzle from
the Ages Puzzle since both puzzles are fundamentally different,
except for the part on the sum and product of positive integers
(this similarity is rather common as there are other maths
problems involving the sum and product of positive integers).
However, the precursor of Cheryl’s Birthday Puzzle is very likely a
modification of the Sum and Product Puzzle because that
conversation is unique only to the Sum and Product Puzzle.
Coincidentally, on 8 Apr 2015, the day of the SASMO contest
that contained Cheryl’s Birthday Puzzle, a mathematician
called Tanya Khovanova posted online the Wizards Puzzle (see
Figure 5), which was invented in the 1960s by the renowned
British mathematician John Conway. This puzzle is a
generalisation of the Ages Puzzle from three children to a
positive integral number of children. The Wizards Puzzle is not
easy to solve, just like the Sum and Product Puzzle.
Figure 5. Conway’s Wizards Puzzle (1960s)

Last night I sat behind two wizards on a bus, and
overheard the following:
A: I have a positive integral number of children, whose
ages are positive integers, the sum of which is the
number of this bus, while the product is my own age.
B: How interesting! Perhaps if you told me your age and
the number of your children, I could work out their
individual ages?
A: No.
B: Aha! AT LAST I know how old you are!
Now what was the number of the bus?

(It is important to clarify that when Wizard A said ‘No’, it does
not mean that he did not want to tell Wizard B his age and the
number of his children for fear that Wizard B could work out the
individual ages of the children. Rather, it means that even if
Wizard A was to give Wizard B the two pieces of information,
Wizard B could still not work out the individual ages of the
children.)
Discussion

What is puzzling in the Ages Puzzle (see Figure 3) is what have
the ages of the three children got to do with the oldest child
liking chocolate pudding? Only when you have listed out all the
possible combinations of the ages of the three children, in
which the product of their ages is 72, will you realise that there
are only two combinations with the same sum: 2 + 6 + 6 = 14
and 3 + 3 + 8 = 14. This is the key part of the puzzle because the
census taker was still stumped when the man told her the sum of
the ages is the same as his house number, which means that the
house number must be 14. The deciding factor would then be
whether the twins were younger or older than the other child,
which explained why the man mentioned that his oldest child
liked chocolate pudding, meaning that the twins must be
younger. Therefore, the ages of his children were 3, 3 and 8.
However, there are some flaws in the above argument that few
people have noticed. If the ages of the three children were 2, 6
and 6, the man could still have said that his oldest child liked
chocolate pudding because even among the twins, whoever
his wife gave birth first would be the older one, i.e. the older twin
would still be his oldest child. Moreover, the two children with
the same age did not even have to be twins because it is
possible for a child to be born in January and another child to
be born later in December in the same year, so the child born in
January could still be the oldest of the three children.
To get around these flaws, one way is to be more explicit by
stating that the two children with the same age were the
younger ones instead of the fanciful statement that “my oldest
one likes chocolate pudding”. This is what Cheryl’s Birthday
Puzzle Part 2, which was published in NTU’s Hey! magazine, did
when Cheryl said that her younger brothers have the same age
(see Figure 6). This puzzle did not use ‘twins’ because twins
could still have different ages: one born on Dec 31 just before
midnight and the other on Jan 1 the following year.
Figure 6. Cheryl’s Birthday Puzzle (Part 2)

Albert and Bernard now want to know how old Cheryl is.
Cheryl:
I have two younger brothers. The product of all our
ages (i.e. my age and the ages of my two brothers) is
144, assuming that we use whole numbers for our
ages.
Albert:
We still don’t know your age. What other hints can
you give us?
Cheryl:
The sum of all our ages is the bus number of this bus
that we are on.
Bernard: Of course we know the bus number, but we still
don’t know your age.
Cheryl:
Oh, I forgot to tell you that my brothers have the
same age.
Albert and Bernard: Oh, now we know your age.
So what is Cheryl’s age?
Based on anecdotal evidence, many people did not know how
to solve the Ages Puzzle. But once Cheryl’s Birthday Puzzle Part 2
mentioned about ‘the same age’, many people immediately
listed out all the various combinations of the three ages in which
the product is 144 and two of the ages are equal --- (1, 1, 144),
(2, 2, 36), (3, 3, 16), (4, 4, 9) and (4, 6, 6). Then they started to use
common sense: 144 years old is too old, the age gap between 2
years old and 36 years old is too big, and 6 years old is too
young to make such complex statements. Since there are two
possibilities left, some people even argued that the age gap
between 3 years old and 16 years old is still too big while others
contended that 9 years old is still too young to make such
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complex statements. The rest believed that there are two
possible solutions. In other words, many of them completely
ignored the middle portion of the conversation, namely “the
sum of all our ages is the bus number”, and jumped straight to
the end of the conversation.
These two problems of ignoring certain given information and
not following the sequence of the information provided were
also evident when many people attempted the original Cheryl’s
Birthday Puzzle (see Figure 1) and arrived at the wrong answer:
August 17. Albert’s first statement could be broken down into
three parts although the last two parts are actually together:




Part 1: I don’t know when Cheryl’s birthday is,
Part 2: but I know that
Part 3: Bernard does not know too.

The people in the August 17 camp began with Part 3: Since 18
and 19 occur only once, ‘Bernard does not know when Cheryl’s
birthday is’ means June 18 and May 19 are out. Next, they went
back to Part 1: Since there is only one date left in June after
cancelling June 18, ‘Albert does not know’ means June 17 is out.
Then they went to Bernard’s statement to conclude that
Cheryl’s birthday is on August 17 because 17 is the only number
left that occurs once. In other words, they completely ignored
Part 2 of Albert’s first statement, and they did not follow the
sequence of the information provided. This seems to suggest
that it is quite common for the gaps in some people’s logical
reasoning skills to be in these two areas.
Purpose of Logic Puzzles

One purpose of such logic puzzles is to train or test logical
reasoning and analytical skills. Mathematical reasoning is based
on logic. Maths teachers may sometimes find gaps in their
students’ mathematical reasoning. For example, when I was
teaching in a secondary school, there was a question about the
length of something being x cm and finding x. When I wrote the
answer x = 7, some of my students asked, “But x is the length, so
shouldn’t it be x = 7 cm?” I clarified that x was actually a
number since it was written as x cm. But they insisted that
x = 7 cm. So I wrote on the blackboard, “If x = 7 cm, then x cm =
7 cm cm.” Then I asked my students whether this made any
sense. Understandably, my students felt very uncomfortable with
‘7 cm cm’. However, instead of accepting that x = 7, some of
them insisted that if x = 7 cm, then x cm is still equal to 7 cm.
What is the logic behind their last argument, you may ask?
There is also a place for some kind of logical and analytical
thinking in the workplace and in our daily lives. Very often many
people need to analyse something. How much analysis or how
sophisticated the analysis is depends on the nature of their job
or the problems that they face in their daily lives. This kind of
logic puzzles trains a person to analyse a problem in order to
come to a logical conclusion. Although the nature of the
problems that people face in their workplace or daily lives is
different from these logic puzzles, hopefully they could transfer
what they have learnt in solving logic puzzle to other contexts.
This is called far transfer of learning.
However, there is a need to stress that the puzzles discussed in
this article are too difficult for most students, which is why these
puzzles are used in maths competitions for high-ability students.
Nevertheless, there are many easier logic puzzles available on
the Internet for the other students to learn how to analyse and
reason logically.

Conclusion

One of the purposes of education is to prepare students for the
workforce (Cowen, 2007). Tony Wagner, Co-director of the
Change Leadership Group at the Harvard Graduate School of
Education, interviewed CEOs of big companies to find out what
key skills they valued most when hiring new staff (Wagner, 2008).
To his surprise, many of them put critical thinking and problem
solving as one of the top priorities. These two key skills are closely
related to the ability to analyse and reason logically.
The American philosopher and educational theorist John
Dewey (18591952) believed in another purpose of education:
to enhance the quality of life. “By quality, Dewey meant a life of
meaningful activity, of thoughtful conduct, and of open
communication and interaction with other people.” (Hansen,
2007, p. 9) If people are ignorant or cannot make sense of the
events that happen during the daily course of their lives, then
they may not be able to engage in meaningful discourse with
other people, make well-informed decisions and lead a life of
accountable conduct. Making well-informed decisions require,
among various things, the ability to analyse and reason logically.
To complete the story, Cheryl’s birthday has a Part 3 that is
published in an online puzzle column by the UK magazine The
Guardian. The fortnightly puzzle column was started because of
the popularity of Cheryl’s Birthday Puzzle. Although it was stated
as Part 2 in the puzzle column, this puzzle was meant to be Part
3, and it has the same structure as Part 1, except now there are
20 dates that include not only the month and the day but the
year as well.
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An Algorithm for Binomial Expansion
Chua Boon Liang
National Institute of Education
The Binomial Theorem is well known to secondary school students studying Additional Mathematics. It presents a formula permitting the immediate
derivation of the terms when expanding the powers of binomials without having to multiply out directly the products of binomials. However, the
formula, as stated below, looks extremely complicated and intimidating to many students.
𝑛𝑛
𝑛𝑛
𝑛𝑛
𝑛𝑛
𝑛𝑛
𝑛𝑛
(𝑥𝑥 𝑥 𝑥𝑥)𝑛𝑛 = ( ) 𝑥𝑥 𝑛𝑛 + ( ) 𝑥𝑥 𝑛𝑛𝑛𝑛 𝑦𝑦𝑦𝑦 ( ) 𝑥𝑥 𝑛𝑛𝑛𝑛𝑦𝑦 2 + ⋯ + ( ) 𝑥𝑥 𝑛𝑛𝑛𝑛𝑛 𝑦𝑦 𝑟𝑟 + ⋯ +  (
) 𝑥𝑥𝑥𝑥 𝑛𝑛𝑛𝑛 + ( ) 𝑦𝑦 𝑛𝑛
0
𝑛𝑛 𝑛 𝑛
𝑛𝑛
1
2
𝑟𝑟

Back when I was learning the Binomial Theorem in secondary school, I was first taught to perform the binomial expansion using an algorithm instead
of the formula above. The algorithm is very easy to apply because it does not contain the combinations and factorial notations. For this reason, it was
introduced to my Additional Mathematics students when I was teaching in school, and is now passed on to both pre-service and in-service teachers
in my mathematics pedagogy courses. This article therefore sets out to introduce the algorithm for binomial expansion to readers of Maths Buzz.

Features in a binomial expansion
Consider the expansion of (𝑥𝑥 𝑥 𝑥𝑥)𝑛𝑛 for 𝑛𝑛 𝑛 𝑛𝑛 𝑛 and 4 as shown below:
(𝑥𝑥 𝑥 𝑥𝑥)2 = 𝑥𝑥 2 +2𝑥𝑥𝑥𝑥 +𝑦𝑦 2
(𝑥𝑥 𝑥 𝑥𝑥)3 = 𝑥𝑥 3 +3𝑥𝑥 2𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 2 +𝑦𝑦 3
(𝑥𝑥 𝑥 𝑥𝑥)4 = 𝑥𝑥 4 + 4𝑥𝑥 3 𝑦𝑦𝑦 𝑦𝑦𝑦 2𝑦𝑦 2 + 4𝑥𝑥𝑥𝑥 3 +𝑦𝑦 4
Based on the three expansions above, the following five features concerning the expansion of (𝑥𝑥 𝑥 𝑥𝑥)𝑛𝑛 can be observed:
(a) The number of terms is always (𝑛𝑛 𝑛 𝑛).
(b) The coefficient of the second term is always n.
(c) The coefficients of the terms are symmetrical. (e.g., 1, 3, 3, 1 and 1, 4, 6, 4, 1)
(d) The power of x starts with n and decreases to 0 while the power of y starts with 0 and increases to n.
(e) The sum of the powers of x and y in each term is always n.
The algorithm for binomial expansion
Applying the features above, each step of the algorithm for expanding (𝑥𝑥 𝑥 𝑥𝑥)𝑛𝑛 is described below:
Step 1: The first term is 𝑥𝑥 𝑛𝑛. (Note: The power of y is zero.)
Step 2: The coefficient of the second term is n and its variable component is 𝑥𝑥 𝑛𝑛𝑛𝑛𝑦𝑦.
Step 3: For each subsequent term, its coefficient is found using the formula:
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑜𝑜𝑜𝑜 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑜𝑜𝑜𝑜 𝑥𝑥𝑥𝑜𝑜𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑜𝑜𝑜𝑜 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
Its variable component is determined by using Features (d) and (e) above.
Step 4: The last term is 𝑦𝑦 𝑛𝑛 . (Note: The power of x is zero.)

An illustration of the algorithm
To demonstrate how the algorithm works, consider the expansion of (𝑥𝑥 𝑥 𝑥𝑥)6, which comprises seven terms (by Feature (a)).

Step 1
Step 2
Step 3

The first term is 𝑥𝑥 6.
For the second term, its coefficient is 6 (by Feature (b)). The variable component is 𝑥𝑥 5 𝑦𝑦 because the power of x is one less than the
first term and the power of y is one more (by Feature (d)). Check also that the sum of powers is 6 (by Feature (e)). So the second
term is 6𝑥𝑥 5 𝑦𝑦.
6×5
To find the third term, use the second term and the formula to work out its coefficient:
= 15. Refer to Figure 1 below for a visual
2

representation of this computation.
The variable component is 𝑥𝑥 4𝑦𝑦 2 following Features (d) and (e). So the third term is 15𝑥𝑥 4 𝑦𝑦 2.
15×4
= 20 (refer to Figure 2 below for a visual representation of this
Now using the third term, the coefficient of the fourth term is
3

Step 4

computation) and its variable component is 𝑥𝑥 3 𝑦𝑦 3. The fourth term is thus 20𝑥𝑥 3 𝑦𝑦 3.
The fifth and sixth terms can be worked out in a similar manner. However, by applying Feature (c), these two terms can be
established easily by symmetry.
In this expansion consisting of seven terms, the fourth term is the middle term. Thus, by symmetry, the fifth term has the same
coefficient as the third term, and similarly the sixth and second terms have the same coefficient.
Therefore, the fifth term is 15𝑥𝑥 2 𝑦𝑦 4, and the sixth term is 6𝑥𝑥𝑦𝑦 5.
The last term is 𝑦𝑦 6 .

6𝑥𝑥 5 𝑦𝑦

Term 2

6×5
= 15
2

Coefficient of Term 3

Figure 1. A visual representation for computing coefficient of Term 3

15𝑥𝑥 4 𝑦𝑦 2

Term 3

15 × 4
= 20
3

Coefficient of Term 4

Figure 2. A visual representation for computing coefficient of Term 4

Putting all the seven terms together, we obtain (𝑥𝑥 𝑥 𝑥𝑥)6 = 𝑥𝑥 6 + 6𝑥𝑥 5𝑦𝑦𝑦 15𝑥𝑥 4𝑦𝑦 2 + 20𝑥𝑥 3𝑦𝑦 3 + 15𝑥𝑥 2 𝑦𝑦 4 + 6𝑥𝑥𝑥𝑥 5 +𝑦𝑦 6

Usefulness of the algorithm
The algorithm offers a number of benefits at the beginning stage of learning the Binomial Theorem. For instance, the expansion can be carried out
without having to introduce the abstract concepts of combinations and factorial. The algorithm is also easy to remember and simple to follow as
compared with the formula. The coefficient formula in Step 3 may be deemed redundant by some readers as the coefficients in a binomial
expansion can be obtained by constructing the Pascal’s Triangle. But in expansions with powers higher than eight, the construction of the triangle
can become quite tedious.

Tasks for teachers
It is not difficult to comprehend and explain the mathematical ideas behind the algorithm for binomial expansion: in particular, Step 3. The
explanation will be left to the readers to work out. For those who teach Additional Mathematics, you are encouraged to explore how you can
introduce the combinations and factorial concepts to your students through this algorithm.
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The psychology of a ‘near-miss’ in the 4-Digit lottery:
A spreadsheet simulation
Tay Eng Guan
National Institute of Education

Introduction
This article explains how a Microsoft Excel program Near Miss [1] which was written using Visual Basic can be used to
discuss probability at the secondary level.

The 4-Digit lottery and the probability of a ‘near-miss’
The 4-Digit lottery, also known as 4-D, is a popular gambling game in Singapore. Punters can purchase in Big Bets or
Small Bets. Each costs $1 per 4-digit sequence from 0000 to 9999. In Big Bets, the 4-digit sequence purchased is
matched against 23 winning numbers (1st, 2nd, 3rd Prizes, 10 Starters, and 10 Consolations). In Small Bets, the 4-digit
sequence is matched only against the top three winning numbers (1st, 2nd, and 3rd Prizes). For purchase of a $1 bet, a
Big Bet win would be $2000 (1 st), $1000 (2nd), $500 (3rd), $250 each (Starter) and $62 each (Consolation). For purchase of
a $1 bet, a Small Bet win would be $3,000 (1st), $2,000 (2nd), $850 (3rd) with no Starter or Consolation prizes.
To be aware of the evils of gambling requires a certain amount of numeracy and the secondary mathematics class is a
good place to educate young minds. One can work with the class to calculate the expectation of a Big Bet ($0.662)
and a Small Bet ($0.585) and thus show how heavily biased the lottery is.
However, gambling is more than knowing the probabilities of getting a prize; it is also the perception that one is
inherently ‘lucky’ and likely to beat the odds if one were bolder in making a bet. Often, this perception of being
successful if one were bolder is reinforced by the built-in aspects of the gambling game one plays. For example, in
horse-racing, if one’s second choice horse came in first (which is quite likely), one would think that if only a bet had
been made on more than one horse, there would be some money to win. In the case, of the 4-D lottery, the perception
of being successful if one were bolder is reinforced by one’s chosen numbers almost matching the winning numbers.
For example, if one were to buy the number 1234 (that being the combination of the number of horses one sees in a
dream with the date of the dream 12th of March, say) and the first prize was 1235, one would scream, “Just missed!”
We shall estimate the probability of such an occurrence for a Big Bet. We first define a ‘near-miss’ as a 4-digit sequence
that differs from one’s chosen number by one digit or is a permutation of that number. Thus, 1235, 1334 and 4321 are
examples of near-misses of 1234. An upper bound for the probability of a near-miss can be calculated if we assume
that all the 23 winning numbers have all 4 digits different and that a near-miss of one number is not a near-miss of any
other. Thus, each winning number has 9 × 4 = 36 near-misses that differ by one digit and 4! − 1 = 23 near-misses that are
permutations of it, the total number of near-misses being 36 + 23 = 59. Hence, the number of near-misses for all 23
1357
______

numbers would be 23 × 59 = 1357. The upper bound for the probability of a near-miss = 10000 = 0.1357, which is slightly
less than one in seven! In other words, in an upper-bound situation, about one in seven persons will have a near-miss or
a person buying six unrelated numbers will almost certainly (> 99% chance) have a near-miss. It is my hypothesis that this
occurrence fuels the gambling impulse because it is thought to be uncommon when it is actually not so.
A reasonable lower bound for the probability of a near-miss is harder to calculate but since the upper bound situation
described above is quite likely to occur plus or minus a few overlaps in near-misses, it is plausible that the probability of a
near-miss is about 0.1.
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Simulating the 4-Digit lottery and the probability of a ‘near-miss’
The game is presented on a Microsoft Excel worksheet. There is a cell which records the amount of money one has in
the ‘bank’. Underneath this is a table in which the punter may record up to twelve 4-digit sequences and the wager for
each of them. The main table shows the 23 prize winning numbers. The situation after a fourth draw is captured in the
screenshot below.

After placing the bets, the punter clicks on the button ‘Play’. The macro will then do the following:
1.
Generate 23 random 4-digit sequences for the 23 winning numbers.
2.
Check if the amount in the ‘bank’ is enough for the wager. If yes, deduct the total wager from the amount in
the bank, otherwise a message box will appear informing that the amount in the bank is insufficient.
3.
Match the wagered numbers against the winning numbers, declare any winning numbers and add the prize
money to the amount in the bank.
4.
Match the wagered numbers against the ‘near-misses’ of the winning numbers according to a miss by being
different in one digit and a miss by permutation. Declare any near-miss and count up the number of nearmisses so far.
The simulation may be used for a teacher-centred discussion or it may be used as a student-centred discovery project
using a suitable worksheet to guide the student. A simulation of 10 numbers on 170 draws resulted in 241 near-misses
giving an estimation of the probability of a near-miss as 0.14.
Note: A rudimentary program can be similarly coded by anyone with a working knowledge of Visual Basic
programming. Should the reader be interested in using the program, you may contact me and I will ask the developers
for permission to release a copy to you. Again, one can just do a paper and pencil simulation by having one or two of
the students write down the winning numbers while the rest “place their bets”.
References
[1]

Cheng, S.S. and Junus, O.O., Near Miss [Computer software] (2000).
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Primary School students use of Draw a Diagram heuristic:
Perspectives from the Chairs Problem
Ho Siew Yin
University of Canberra, Australia & National Institute of Education, Singapore

The use of diagrams has been widely recognized to improve problem solving. Diagrams aid in the contextualization of
the problem situation in a visual form which helps students to see the problem situation better. Indeed, the Singapore
Primary Mathematics Curriculum advocates the use of the Draw a diagram heuristic in mathematical problem solving
(CPDD, 2006, 2012).
The Draw a diagram heuristic involves students constructing their own representation of the problem situation, and then
using that drawn representation to solve the problem. When students construct their own representations, encoding
occurs. Encoding techniques include drawing diagrams, spatial reasoning and visualization (Lowrie, 2012). When using
such encoding techniques, students need to “understand all the elements of any given problem in a way that is
meaningful to them” (Lowrie, 2012, p. 151). The process where students make sense of information from a given
representation that is already presented in a visual form for them is termed as decoding (Lowrie, 2012). In a nutshell, the
Draw a diagram heuristic involves both encoding and decoding of information.
Many primary school teachers too encouraged their students to use the Draw a Diagram heuristic when solving
problems. In the Volume 14 Issue 1 Maths Buzz, Pearlyn Gan, an experienced mathematics educator and practitioner,
argued that “doing away with diagrams was not a good idea” for low and middle primary school students. She found
the Draw a diagram heuristic “most useful for solving primary school problems” (Gan, 2014, p. 5) and that majority of the
PSLE problems “could be solved or better visualized when diagrams are drawn” (p. 5).
It is also a well-known fact that the ability to solve word problems requires more than having procedural skills such as
performing computations. Conceptual understanding and knowledge of heuristic play vital roles in problem solving. In
this article, I like to share three observations (interrelated) regarding the use of the Draw a diagram heuristic from my
experiences working with primary school students in Singapore and Australia.
Solving a problem successfully requires more than just choosing the correct heuristic. How the chosen heuristic is used
influences success in problem solving. When choosing the Draw a diagram heuristic to solve a problem, success in
solving that problem depends on:
1)
2)
3)

The representation or encoding of the problem.
The usefulness of the drawn representation.
The interpretation or decoding of the drawn representation.

The above three observations will now be illustrated using a familiar past-year PSLE word problem, referred to as the
Chairs Problem herein.
The Chairs Problem
The chairs in a hall were arranged in rows. Each row had the same number of chairs. Weiming
sat on one of the chairs. There were 5 chairs to his right and 5 chairs to his left. There were 7
rows of chairs in front of him and 7 rows of chairs behind him.
How many chairs were there in the hall? (SEAB, 2009)
The Draw a diagram heuristic is one possible problem-solving tool to solve the Chairs Problem. Four cases from students’
work solutions are presented in the ensuing section. A discussion of these four cases follows after.

Students’ work solutions
Case 1: Representing all objects in the problem situation using pictorial symbols
Figure 1 provides two examples showing students (Bob and Dave, both 12 years old) representing and drawing all the
objects in the problem.
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Figure 1. Bob’s solution (left) and Dave’s solution (right)
In Bob’s representation (see Figure 1, left), he used a pictorial symbol in the form of curvy lines to represent each chair
He drew the protagonist, Weiming, in a position that is incorrect (see position circled in red in Figure 1, left). According to
the given problem, Weiming should be seated at a central position surrounded by 5 rows of chairs to his right, 5 rows of
chairs to his left, 7 rows of chairs in front of him and 7 rows of chairs behind him. Bob drew 14 rows of chairs (11 chairs in
each row) and Bob gave the answer ‘232’. He obtained his answer by counting all the chairs that he drew: I drew chairs
in rows and them (sic) counted up. Had he counted the number of chairs he had drawn correctly, his answer would
have been “155” instead of “232”.
In Dave’s drawing, he used circles to represent chairs. Unlike Bob, Dave did not count each and every chair he drew.
Notice in Dave’s drawings, he drew an extra two chairs along of the rows (see chairs circled in blue in Figure 1, right),
thus leading him to think that there were 8 rows of chairs in front of Weiming instead of 7 rows of chairs, thus he
translated his representation into the following number statement: 16 (rows) × 11 (chairs along each row )= 176.
He then realised that his error and removed that from his working to obtain the number statement: 15 × 11 = 165.
Case 2: Representing the relevant relationship among objects in the problem situation using pictorial symbols
Figure 2 below shows Jessica’s (12 years old) solution to the Chairs Problem.

Figure 2. Jessica’s solution
In Jessica’s representation, chairs were represented by circles. The dark circle indicated Weiming’s position in the hall.
Unlike Bob and Dave, she drew only the number of chairs placed along a vertical row and along a horizontal row of the
hall – these were sufficient to indicate the relevant relationship among the objects (i.e., Weiming’s position, and chairs)
in the problem situation. The total number of chairs in the hall was then computed by multiplying the number of chairs
along the vertical row and the number of chairs along the horizontal row (or area of rectangular array15 by 11), i.e., 15
× 11 = 165.
Case 3a: Representing the relevant relationship among objects in the problem situation using pictorial symbols and
numerals
Figure 3 shows Leila’s (12 years old) solution to the Chairs Problem.

Figure 3. Leila’s solution
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Leila used both pictorial symbols and numerals in her representations. She represented Weiming using a pictorial symbol,
and used both circles and numerals to represent the chairs surrounding Weiming. As shown in Figure 3, her computation
involved number of chairs in different sections in the hall. She would have solved the problem successfully had she
added the 10 chairs (circles in her representation) along Weiming’s row – 5 chairs to Weiming’s right and 5 chairs to his
left.
Case 3b: Representing the relevant relationship among objects in the problem situation using pictorial symbols and
numerals
The solutions in Figure 4 below show how two students, Christopher and Kyle (both 12 years old), solved the Chairs
Problem. They represented Weiming using a pictorial symbol and the number of chairs surrounding the chairs was
represented using numerals.

Figure 4. Christopher’s solution (left) and Kyle’s solution (right)
It is interesting to note that Kyle and Christopher’s representations of the problem were similar. Yet, Kyle gave the correct
answer to the problem whereas Christopher did not. Let’s look at how each student decode their respective
representations.
Christopher added the numbers in his representation to obtain the answer of “24”. That is, 5 + 5 + 7 + 7 =24. He did not
include Weiming in his computation. Neither did he include the rest of the chairs in the hall in his computation. In other
words, he did not include the condition, “Each row had the same number of chairs’ into the computation of the answer
to the problem. Hence, even though Christopher’s diagram showed the correct representation of the problem (i.e.,
showing the essential information stated in the problem), the decoding of the representation was incorrect. It could
possibly be due to a lack in comprehension of what the problem is asking for, hence little sense making was involved in
both the decoding his representation and the computation of the answer (The reader may refer to Logan & Ho, 2013 for
a similar discussion).
Kyle, on the other hand, decoded his diagram correctly. He included both Weiming into the computation (i.e., the “+1”
in his computation) and saw that the total number of chairs in the hall can be obtained by finding the area of the
rectangular array 11 (5+5+1) by 15 (7+7+1).
Discussion
The four cases discussed above illustrate the observations that I mentioned at the beginning of the article. The factors
that influence success in problem solving are: (1) Problem representation or encoding, (2) Usefulness of the
representation, and (3) Correct interpretation or decoding of the representation.
Bob did not solve the problem successfully. Dave was not successful in solving the problem initially. Bob and Dave drew
each and every single chair in the hall in their representations. It seems representing all objects by drawing each and
every single chair is not a wise application of the Draw a diagram heuristic. Such a representation is a cumbersome one
for this problem in particular. Why? The reason is obvious  the large quantity of objects (i.e., chairs) in the problem
situation. In fact, there is no way one could easily subitize (i.e., to perceive the number of objects at a glance and
without counting) the total number of chairs in both Bob and Dave’s representations.
For Bob, the only way to get the answer to the problem is to decode his own encoding (i.e., his representation) via the
laborious method of counting each and every single chair he drew. This resulted in making a mistake in counting all the
chairs accurately. Dave’s failure to solve the problem successfully was due to the inefficient way that he used Draw a
diagram heuristic. Like Bob, he too drew each and every single chair in the problem situation. Unlike Bob, Dave
recognised that the chairs in the hall were positioned in a rectangular array. As mentioned earlier, he made a mistake in
his drawing and drew in two extra chairs, causing him to think that there were 8 rows of chairs in front of Weiming
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instead of 7 rows of chairs. This resulted in the wrong decoding of his representation and translation into the wrong
number statement. Dave’s representation is thus not a useful one for problem solving. (In fact, mathematicians would
say that Bob and Dave’s representations are not elegant!) Having said so much against encouraging students to
create representations like Bob and Dave’s, for students who really need to see every single object in the problem
before they could proceed to solve the problem, they will need to make sure that their drawings are neat and they
have a systematic way of counting all the objects.
Jessica’s representation of the Chairs Problem, in comparison to Bob and Dave’s representations, is a more useful one.
Her drawing shows a “skeletal” representation that includes all the relationships among the objects (i.e., number of
chairs and positions of the chairs) in the problem. Her encoding of the problem displays a good spatial structure of the
positions of the chairs in relation to Weiming’s position, thus enabling her to easily decode her own encoding. In
Jessica’s representation encoding and decoding are in a sense tied closely together. In contrast, Bob and Dave’s
encoding did not have good spatial structure, resulting in an extra burden having to count the chairs in their encoding.
Leila’s representation of the Chairs problem is a slightly more sophisticated one compared to Jessica’s representation in
the sense that she did not use a pictorial symbol to represent each and every single chair. She drew a representation
that partitions the chairs into different sections in relation to Weiming’s position. When using this particular
representation, it is important to have a systematic way of adding up the different sections to ensure all sections are
included in the computation. As shown in Leila’s solution, she had missed out adding the 10 chairs along the same row
of Weiming’s position.
Christopher and Kyle drew similar representations for the Chair problem. In my opinion, their representations are the
most sophisticated and abstract among all the students’ drawings discussed in this article. In the sense that their
representations are compact - numerals were used to represent the number of chairs surrounding Weiming instead of
circles or curvy lines, and containing all relevant information required for problem solving. However, a sophisticated
representation is a sufficient but not a necessary condition for success in problem solving. How the decoding of that
repesentation is done influences success. As mentioned earlier, Christopher’s decoding of his representation was
incorrect. Kyle decoded his representation into a number statement that reflected computation of the area of the
rectangular array 11 by 15. Christopher did not see this connection. Renowned psychologist, Stephen M. Kosslyn,
opened the first chapter of his book with two colleagues, The Case for Mental Imagery, with the following quote:
A picture can be worth a thousand words – but only if a reader can decipher it. (Kosslyn, Thompson & Ganis, 2006, p. 1)
In a similar vein, if a problem solver is unable to interpret their own representation of the problem situation accurately,
then that representation is of no use.

Some Thoughts
Solving problems is a challenging task. To be successful in problem solving is not an easy endeavour either. By just telling
students to use the Draw a diagram heuristic is not going to guarantee students’ success in problem solving. In order to
help students understand and harness the power of the Draw a diagram heuristic, teachers need to make explicit to
students the processes involved when using this heuristic – encoding and decoding. Knowledge on encoding useful
representations and decoding these representations correctly comes with ample exposure to and experiences in
creating different representations of problems. Teachers can model to students how to encode representations that are
both useful and easily decoded. Equally important, teachers should also bring to students’ attention representations
that are cumbersome to decode and not useful for problem solving.
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Ask Dr Math
Problem on Asymptote:
𝑥𝑥 2 +2𝑥𝑥+2

Consider the equation y =

𝑥𝑥+1

.
𝑥𝑥 2 +2𝑥𝑥+2

Suppose we divide both the numerator and denominator by x,

becomes

𝑥𝑥+1

2
𝑥𝑥
1
1+
𝑥𝑥
𝑥𝑥 2 +2𝑥𝑥+2

𝑥𝑥+2+

we obtain y  x + 2; we thus conclude that y = x + 2 is an asymptote of the graph 𝑦𝑦 =
On the other hand, if we perform division of polynomials, we obtain
If we let x   in the expression 𝑥𝑥 + 1 +

graph y =

𝑥𝑥 2 +2𝑥𝑥+2
𝑥𝑥+1

.

1

𝑥𝑥 2 +2𝑥𝑥+2
𝑥𝑥+1

= 𝑥𝑥 + 1 +

1

. By letting x  ,

𝑥𝑥+1

𝑥𝑥+1

.

1

𝑥𝑥

 0 and so

.

, we obtain y  x +1, and we conclude that y = x + 1 is an asymptote of the

𝑥𝑥+1

Which of the above arguments is correct? What is wrong with the other argument?

Answer
The straight line y = ax + b where a  0, is an oblique asymptote to the graph of y = f(x) if the distance between the straight
line y = ax + b and the graph y = f(x) gets smaller and smaller as x tends to positive infinity or negative infinity, that is,
|f(𝑥𝑥) − (𝑎𝑎𝑎𝑎 + 𝑏𝑏)| → 0 as x  ∞.
𝑥𝑥 2 +2𝑥𝑥+2

Since |

𝑥𝑥+1

𝑥𝑥 2 +2𝑥𝑥+2−(𝑥𝑥+1)(𝑥𝑥+2)

− (𝑥𝑥 + 2)| = |

𝑥𝑥+1

oblique asymptote of the graph of y =

|=|

−𝑥𝑥

| which does not tend to zero as x  ∞, hence y = x +2 is NOT an

𝑥𝑥+1

𝑥𝑥 2 +2𝑥𝑥+2

.

𝑥𝑥+1

𝑥𝑥 2 +2𝑥𝑥+2

In the first argument, we are just finding the limit of

𝑥𝑥+1

as x  ∞ and not the oblique asymptote. By dividing the

numerator and the denominator by x, we are showing that the limit of
𝑥𝑥+2+
1
𝑥𝑥

1+

2
𝑥𝑥

as x  ∞.

𝑥𝑥 2 +2𝑥𝑥+2
𝑥𝑥+1

as x  ∞ is the same as finding the limit of

Since the numerator tends to positive infinity while the denominator tends to 1 as x  ∞,
In the second argument, by expressing
𝑥𝑥 2 +2𝑥𝑥+2

|

𝑥𝑥+1

− (𝑥𝑥 + 1)| = |(𝑥𝑥 + 1 +

1

𝑥𝑥 2 +2𝑥𝑥+2

) − (𝑥𝑥 + 1)| = |

𝑥𝑥+1

𝑥𝑥+1
1

as 𝑥𝑥 + 1 +

| ⟶ 0 as x  ∞.

𝑥𝑥+1

Hence x +1 is an oblique asymptote to the graph of =

𝑥𝑥 2 +2𝑥𝑥+2
𝑥𝑥+1

1

𝑥𝑥+1

2
𝑥𝑥

𝑥𝑥+2+
1
1+
𝑥𝑥

 ∞, and so

𝑥𝑥 2 +2𝑥𝑥+2
𝑥𝑥+1

 ∞.

using division of polynomials, we can see that

..

To find the horizontal / oblique / curve asymptote of the graph of an improper rational function with equation y = f(x) (an
improper rational function is a ratio of two polynomials, with the degree of the polynomial in the numerator greater than
or equal to the degree of the polynomial in the denominator), we need to express the improper rational function f(x) as
the sum of a polynomial P(x) and a proper rational function g(x). As x  ∞, the graph of y = g(x) tends to the line y = 0
and so the distance between the graph of y = f(x) and the graph of y = P(x) tends to zero. Hence y = P(x) is an asymptote
to the graph of y = f(x).
Finding the limit of f(x) as x  ∞ is not the same as finding the horizontal / oblique / curve asymptote of graph of y = f(x),
as seen from this example.
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