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Dear AME members
AME is pleased to present yet another issue of Maths Buzz. We hope that you have
benefitted from being kept informed of AME activities, and reading the sharing of
mathematical ideas and pedagogical ideas in Maths Buzz. By the time you are reading this
issue, you are likely to be embarking or have just returned from a much deserved year end
vacation. Do enjoy this time with family and friends, relaxing and recharging for another
year ahead.
Thanks to your continued support, the yearly Mathematics Teachers Conference, and both
the primary and secondary AME institutes are well subscribed. It is your support that
encourages AME EXCO to organise more events for you. We are planning to launch in
2018 an AME institute for JC teachers. Do look out for our announcement. This year, AME
also collaborated with SMS on the SMS Distinguished Visitor Programme by an Israeli
mathematician, Professor Ron Aharoni of Technion, the Israel Institute of Technology.
Professor Aharoni conducted a lesson demonstration for 29 teachers, a workshop for
65 teachers and spoke at the Mathematics Learning Day organised by the Academy of
Singapore Teachers Primary Mathematics Chapter.
This year too, AME launched yet another new initiative, the Excellence in Mathematics
Teaching Award, EMTA in short. AME had been contemplating on an award to recognise
the great work of our mathematics teachers. With encouragement and support from
CPDD of MOE, the EMTA committee was formed last year, to work out the details, from
conception to application process and the selection criteria.
The EMTA committee was heartened that by the closing date on 3 April 2017, we received
41 applications from mathematics teachers at all school levels. All 41 nominees are
excellent mathematics teachers who received strong support from their principals. Apart
from submitting a write-up, these teachers were interviewed by the EMTA selection
panel. All of them demonstrated worthy aspects of an excellent mathematics teacher teachers who are passionate in mathematics teaching, who empower their charges with
mathematical competencies to do and use mathematics, contribute to the development of
instructional and assessment resources, and are role models to their colleagues and the
mathematics teaching fraternity. It was difficult to choose from among them but in the
end, we were glad to announce three winners for EMTA 2017. The inaugural award was
presented at MTC 2017, graced by our Guest-of-Honour, Mr Sng Chern Wei, the Deputy
Director-General of Education (Curriculum). Congratulations to the three awardees!
I would like, at this juncture, to take this opportunity to invite readers to keep a look out for
the next call for application, for EMTA 2018 in January 2018. Application closes towards
the end of Term 1, and the award will be announced at MTC 2018.
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Addition and Subtraction of Negative
Numbers
students why, for example, 3 is bigger than 2, but 3 is smaller
Joseph Yeo B. W.
National Institute of Education

The purpose of this article is to propose four key concepts to help
secondary school students add or subtract real numbers involving
negative numbers without the use of the calculator. For example,
how do maths teachers themselves subtract 1.6 from 0.7? They
would probably do the following.
The purpose of this article is to propose four key concepts to help
secondary school students add or subtract real numbers involving
0.7  (1.6)
0.7
1.6
negative numbers without
the use= of
the+calculator.
For example,
=
1.6

0.7
how do maths teachers themselves subtract 1.6 from 0.7? They
would probably do the following.= 0.9
The key question is how can maths teachers go down to the level
0.7  (1.6) = 0.7 + 1.6
of their Sec 1 students to teach them how to perform the above
= 1.6  0.7
operations proficiently? Anecdotal evidence shows that some
= 0.9
Upper Sec students still do not know how to add or subtract a
negative number, e.g. 3  (2). Therefore, this issue presents a real
The key question is how can maths teachers go down to the level
challenge to the teachers.
of their Sec 1 students to teach them how to perform the above
operations proficiently? Anecdotal evidence shows that some
Although there are a few methods or metaphors that we can use to
Upper Sec students still do not know how to add or subtract a
develop the four key concepts, I will use AlgeDiscTM in this article.
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subtraction of numbers, we only need the ‘1’ and ‘1’ discs. In
Even if some teachers prefer to use other metaphors such as
fact, some countries also use the ‘1’ and ‘1’ discs to teach this
walking right or left on a number line, with turning whenever there
topic, although they do not use the other discs involving  x and 
is2 a negative sign, to teach addition and subtraction of numbers
x to teach algebra.
involving negative numbers, there is still a need to help students
develop these four key concepts from the metaphor because
Even if some teachers prefer to use other metaphors such as
ultimately, the students have to learn how to add or subtract large
walking right or left on a number line, with turning whenever there
numbers or non-integers, such as 19  69, or 0.7  (1.6), in
is a negative sign, to teach addition and subtraction of numbers
exams. Such operations could not be done effectively with any of
involving negative numbers, there is still a need to help students
these metaphors.
develop these four key concepts from the metaphor because
ultimately, the students have to learn how to add or subtract large
Therefore, whichever metaphor teachers use, the metaphor is not
numbers or non-integers, such as 19  69, or 0.7  (1.6), in
meant to be an end in itself, but there is a need to use the metaphor
exams. Such operations could not be done effectively with any of
to help students abstract out certain concepts or generalisations so
these metaphors.
that they can apply these concepts to perform the operations
without using the metaphor anymore. For those who prefer to use
Therefore, whichever metaphor teachers use, the metaphor is not
other metaphors to develop the four key concepts below, the
meant to be an end in itself, but there is a need to use the metaphor
owing money metaphor can be used to develop Key Concepts 1, 2
to help students abstract out certain concepts or generalisations so
and 3, but it has its limitation when it comes to Key Concept 4,
that they can apply these concepts to perform the operations
which can be done using the difference of two numbers on a
without using the metaphor anymore. For those who prefer to use
number line.
other metaphors to develop the four key concepts below, the
owing money metaphor can be used to develop Key Concepts 1, 2
Prerequisites
and 3, but it has its limitation when it comes to Key Concept 4,
which can be done using the difference of two numbers on a
Prior to teaching Sec 1 students the four key concepts, the teacher
number line.
would have introduced to them the notion of negative numbers
using real-life examples such as the temperatures of certain
countries as announced in weather forecasts on TV. The teacher
would also have taught them that the absolute value of a negative
Prior to teaching Sec 1 students the four key concepts, the teacher
number such as 3 is 3, and the absolute value of a positive
would have introduced to them the notion of negative numbers
number such as 3 is still 3, i.e. a number is made up of its absolute
using real-life examples such as the temperatures of certain
value with either a positive or a negative sign in front of it (but we
countries as announced in weather forecasts on TV. The teacher
usually write +3 as 3 without the positive sign). It is beyond the
would also have taught them that the absolute value of a negative
Sec 1 syllabus to teach the symbol for absolute value. In addition,
number such as 3 is 3, and the absolute value of a positive
using the number line, the teacher would have explained to the
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One other important prerequisite is that teachers should impress
upon the students that there is a difference between ‘negative 1’
students why, for example, 3 is bigger than 2, but 3 is smaller
(negative is the state of the number) and ‘minus 1’ (minus is an
than 2.
operation). To illustrate this difference, consider this question:
“Suppose Bernard has $10 and he owes Cheryl $7. How much
One other important prerequisite is that teachers should impress
money does he have left?” Some cheeky students would answer
upon the students that there is a difference between ‘negative 1’
$10, and they are actually correct! This is because the question
(negative is the state of the number) and ‘minus 1’ (minus is an
does not say that Bernard has returned the $7 to Cheryl. But if
operation). To illustrate this difference, consider this question:
Bernard has returned the $7, then he would have $3 left. The
“Suppose Bernard has $10 and he owes Cheryl $7. How much
following illustrates what happens if Bernard owes and then
money does he have left?” Some cheeky students would answer
returns the $7.
$10, and they are actually correct! This is because the question
does not say that Bernard has returned the $7 to Cheryl. But if
$10 + ($7) = $10  $7 = $3
Bernard has returned the $7, then he would have $3 left. The
following illustrates what happens if Bernard owes and then
owe /
return /
returns the $7.

negative
minus
(state)
(operation)
$10 + ($7) = $10  $7 = $3

This is why 7 is read as ‘negative 7’, but 10  7 is read as ‘10
owe /
return /
minus 7’, because there is a difference between ‘negative’ (state)
negative
and ‘minus’ (operation). Similarly, minus
there is a difference between
(state)(operation).
(operation)
‘positive’ (state) and ‘plus’
The above illustration is
to highlight the difference between ‘negative’ and ‘minus’, not to
This is why 7 is read as ‘negative 7’, but 10  7 is read as ‘10
develop Key Concept 3 on adding a negative number, which we
minus 7’, because there is a difference
between ‘negative’ (state)
shall develop using AlgeDiscTM later in the article.
and ‘minus’ (operation). Similarly, there is a difference between
‘positive’ (state) and ‘plus’ (operation). The above illustration is
to highlight the difference between ‘negative’ and ‘minus’, not to
develop Key Concept 3 on adding a negative number, which we
The teacher can begin with the rationale for learning the operations
shall develop using AlgeDiscTM later in the article.
by getting the students to recall that they have learnt how to add
or subtract positive numbers (or to be more precise,
non-negative
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primary schools, but for
subtraction, they have only learnt how to subtract a smaller
The teacher can begin with the rationale for learning the operations
positive number from a bigger positive number, e.g. 5  3 = 2. The
by getting the students to recall that they have learnt how to add
teacher can ask the class what will happen if they subtract a bigger
or subtract positive numbers (or to be more precise, non-negative
positive number from a smaller positive number, e.g. 3 – 5? Some
numbers, i.e. including zero) in primary schools, but for
students may know how to perform this operation, but this is a key
subtraction, they have only learnt how to subtract a smaller
question meant to be answered later during the lesson (this is Key
positive number from a bigger positive number, e.g. 5  3 = 2. The
Concept 2). The teacher can then proceed to introduce two types
teacher can ask the class what will happen if they subtract a bigger
of discs representing 1 (i.e. +1) and 1 respectively:
positive number from a smaller positive number, e.g. 3 – 5? Some
students may know how to perform
this operation, but this is a key
1
1
question meant to be answered later during the lesson (this is Key
Concept 2). The teacher can then proceed to introduce two types
To represent the number 2, we use two ‘1’ discs as shown:
of discs representing 1 (i.e. +1) and 1 respectively:
1
1
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To represent the number 2, we use two ‘1’ discs as shown:
To represent the number 2, we use two ‘1’ discs as shown:
1
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To represent the number 2, we use two ‘1’ discs as shown:
The main question to ask in1this section
is: what is (2) + (3)
1
equal to? To represent the number 2, we put two ‘1’ discs as
shownConcept
in Figure1:1(a).
To add of
theTwo
number
3, weNumbers
add three more
Key
Addition
Negative
‘1’ discs as shown in Figure 1(b). The answer is 5, as shown in
Figure
1(b).
The main
question to ask in this section is: what is (2) + (3)
equal to? To represent the number 2, we put two ‘1’ discs as
shown in Figure 1(a). To add the number 3, we add three more
‘1’ discs as shown in Figure 1(b). The answer is 5, as shown in
Figure 1(b).

Zero Pair

Figure 1

(a)

(b)
Add 3 more
‘1’ discs

1

1

1

1

1

1

1

1

The teacher can then introduce Key Concept 1 below.
Key Concept 1 (Addition of Two Negative Numbers):
To add two negative numbers, we add the absolute
values of the two numbers, and then put a negative sign
in front of the sum, e.g. (2) + (3) = 5.
As Sec 1 students are more familiar with numbers than letters
in algebra, it may not be advisable to write Key Concept 1 as:
(x) + (y) = (x + y), where x > 0 and y > 0, partly because
the students may be confused why x and y are positive when
they only see negative numbers in Figure 1, and partly because
they may not know how to calculate (x + y), which is quite a
complex expression for Sec 1 students.
Writing the key concept in words may be too difficult for
students as well, which is why the words are meant to provide
the teacher with the proper mathematical language to explain
the key concept verbally to the students while pointing at the
concrete example: (2) + (3) = 5. But some students may
still have difficulty understanding the meaning of absolute
value although this is covered under the previous section on
Prerequisites. These students may probably generalise by
saying, “Add the two numbers without the sign, and then put
the negative sign in front.” This is essentially the key concept,
but the teacher can decide, based on the ability of the students,
whether to teach them to use the proper mathematical terms.
Learning theories on behaviourism, which have been well
researched with actual students, suggest that it might be more
profitable for students if the teacher teaches one concept at a
time, followed by student consolidation through practice,
before teaching another concept. This is because most students
may not be able to handle a few new concepts one after another
without any consolidation in between.
For Key Concept 1, there may be a need for the teacher to show
a worked example using different negative numbers, e.g. (6)
+ (2), to teach students how to apply the key concept
(otherwise, some students may use the discs to obtain the
answer) and how to write the working (in this case, the working
is just the given expression equals to the answer). Below are
some suggested practice questions, which should have varieties
such as the first number being smaller or bigger than the second
number, the first number has no brackets, negative numbers
with much bigger absolute values that are difficult to add using
the discs, and non-integers.
(a)
(c)

(4) + (5)
(21) + (73)

(b)
(d)

Key Concept 2 requires the use of zero pairs. The teacher can
introduce the zero pair by asking the class, “If we put one ‘1’
disc and one ‘1’ disc together as shown on the whiteboard,
what do you think the overall value is?”

9 + (7)
4.6 + (3.2)

1

If the students answer ‘zero’, then the teacher can say that this
is called the ‘zero pair’ and its overall value is 0. But we have
not really explained why the overall value is 0. Students who
answer ‘zero’ probably see 1  1 in the discs as shown in the
previous diagram. However, the diagram actually shows
1 + (1). As explained in the above section on Prerequisites,
there is a difference between ‘negative’ and ‘minus’, and
students have not learnt how to add a negative number yet (this
is Key Concept 3).
The following is an explanation of why 1 + (1) = 0, which
students may understand: “Suppose you have $1 and you owe
a friend $1 (i.e. $1). Although you still have $1 with you, your
overall balance is actually $0.” But if the teacher suspects that
the students may not understand what ‘overall balance’ is, it
may be wiser not to confuse the students with any explanation
at this juncture, but to leave it to a later stage during Key
Concept 3. In most likelihood, most students should say that
the overall value of the zero pair is ‘zero’ because they see
1  1 = 0 in the discs as shown in the previous diagram.
Key Concept
Smaller
Positive
Number
Minus Minus
Bigger
Key
Concept2: 2:
Smaller
Positive
Number
Positive Positive
Number Number
Bigger
The main question to ask in this section is: what is 3  5 equal
to? To represent the number 3, we put three ‘1’ discs as shown
in Figure 2(a). But there are not enough discs to subtract or take
away 5 (students have learnt in primary schools that one
interpretation of ‘minus’ is ‘take away’). So we have to add 2
zero pairs as shown in Figure 2(b). The teacher can ask the
class why they can just add 2 zero pairs to 3, and hopefully
elicit from some students the response that 3 + 0 + 0 is still 3.
Now we have enough ‘1’ discs to subtract or take away as
shown in Figure 2(c). The end result is 2, as shown in Figure
2(d). The teacher can also ask the class why the answer is
negative, and hopefully elicit from some students the response
that the answer is negative because 3 is not enough to minus 5
since 5 is bigger than 3.
(a)

(b)

Figure 2

(c)

Add 2
zero pairs

Take away
5 discs

1

1

1

1

1

1

1

1

1

(d)

1

1

1

1

1

1

1

1

1

1

3

The teacher can then introduce Key Concept 2 below.
Key Concept 2 (Smaller Positive Number Minus
Bigger Positive Number):
To subtract a bigger positive number from a smaller
positive number, we take the difference of the two
numbers, and then put a negative sign in front of the
difference, e.g. 3  5 = 2.
The other interpretation of ‘minus’ that students have learnt in
primary schools is the difference of two numbers, e.g. 5  3
means the difference of 3 and 5 is 2. Similarly, for 3  5, the
teacher can teach the students that the difference of 3 and 5 is
still 2, but in this case, we have to put a negative sign in front
of the difference because 3 is not enough to take away 5.

At this juncture, the teacher can ask the students why the
overall value of the zero pair is 0 (see previous section on Zero
Pair). After learning Key Concept 3, most students should be
able to explain that 1 + (1) = 1  1 = 0.
A second interpretation of Key Concept 3 is the other way
round: 5  = 5 + (2), i.e. if we subtract a positive number, it
is the same as adding the negative of the positive number. This
interpretation is useful in solving part (d) of the following
worked example. Since part (d) is much later, the teacher may
wish to teach the second interpretation just before it is needed
in that part.
The following shows a worked example on different operations
that students need to know how to perform after learning the
first three key concepts.

The idea of adding two zero pairs in Figure 2 may not be easy
for some students. But the other alternative of treating ‘minus
5’ as adding 5 ‘1’ discs, i.e. 3  5 = 3 + (5), is an issue since
‘minus’ is different from ‘negative’, and students have not yet
learnt that ‘minus 5’ is the same as ‘plus negative 5’ (this is the
second interpretation of Key Concept 3, which we will explain
later).

Worked Example 3 (Apply Key Concept 3, and Key Concept
1 or 2 if necessary)

Again the teacher can show a worked example to illustrate how
to apply Key Concept 2 directly, and the practice questions
should include much bigger positive numbers that are difficult
to subtract using the discs (e.g. 14  76) and non-integers (e.g.
2.5  6.8).

(a)

7 6) = 7  6
=1
(b) 2 5) = 2  5
= 3
(c) 9 + 8 = 8 + (9)

Key Concept 3: Add Negative Number

=89
= 1
(d) 3  4 = 3 + (4)

The main question to ask in this section is: what is 5 + (2)
equal to? To represent 5 + (2), we put five ‘1’ discs and two
‘1’ discs as shown in Figure 3(a). The teacher can ask the
class how many zero pairs they can form, which is shown in
Figure 3(b). The teacher can follow up with another question,
“Can we remove the zero pairs? Why or why not?” The end
result is 3, as shown in Figure 3(c).
(a)

Figure 3
(b)
Form 2
zero pairs

(c)
Remove
zero pairs

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

The outcome of removing the 2 zero pairs in Figure 3 is the
same as removing two ‘1’ discs from the five ‘1’ discs. In other
words, 5 + (–2) = 5 – 2. For Key Concept 3, this statement is
more important than the numerical answer.
Key Concept 3 (Add Negative Number):
To add a negative number, we subtract the absolute
value of the negative number, e.g. 5 (2) = 5 .
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Evaluate the following:

(a) 7 6)
(c) 

(b) 2 5)
(d) 

Solution

= 7

[Key Concept 3]
[Key Concept 3]
[Key Concept 2]
[Change order of numbers since
a + b = b + a]
[Key Concept 3]
[Key Concept 2]
[Second Interpretation of Key
Concept 3]
[Key Concept 1]

For part (c), some students may skip the first step and go
straight from 9 + 8 to 8  9. This is an issue if the students do
this because they treat ‘negative 9’ as ‘minus 9’ without any
justification. But it may be alright if they can justify this
mentally by using Key Concept 3. In fact, maths teachers
would probably go straight from 9 + 8 to 8  9 when they
perform these operations mentally.
Although Worked Example 3 consists of four parts, it may not
be advisable for the teacher to do all the four parts before
letting the students consolidate by practicing some questions.
The teacher can choose to show, e.g. part (a) and (b), and then
let students practise similar questions before showing part (c),
and so forth. Also, the practice questions should include
positive and negative numbers with much bigger absolute
values that are difficult to add or subtract using the discs (e.g.
45 + 17) and non-integers (e.g. 3.9  1.2).

Key Concept 4: Subtract Negative Number
The main question to ask in this section is: what is 5  (2)
equal to? To represent the number 5, we put five ‘1’ discs as
shown in Figure 4(a). But there are no ‘1’ discs to subtract or
take away 2. So we have to add 2 zero pairs as shown in
Figure 4(b). Now we have two ‘1’ discs to subtract or take
away as shown in Figure 4(c). The end result is 7, as shown in
Figure 4(d).

(a)

(b)
Add 2
zero pairs

Figure 4

(c)

(d)

Take away
two ‘1’ discs

Worked Example 4 (Apply Key Concept 4, and Key Concept
2 and 3 if necessary)
Evaluate the following:

1

1

1

1

Solution

1

1

1

1

(a)

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

The outcome of adding the 2 zero pairs and then taking away
the two ‘1’ discs in Figure 4 is the same as adding two ‘1’
discs to the five ‘1’ discs. In other words, 5  (–2) = 5 + 2. For
Key Concept 4, this statement is also more important than the
numerical answer.
Key Concept 4 (Subtract Negative Number):
To subtract a negative number, we add the absolute
value of the negative number, e.g. 5 (2) = 5 .
Again, the idea of adding two zero pairs in Figure 4 may not
be easy for some students. The following are two alternatives,
each with its own problems. The first alternative is to show that
(2) = +2, i.e. the negative of negative 2 is positive 2. This
could be done by first flipping a ‘1’ disc to the other side to get
‘1’, and then introducing the idea that the negative of 1 is
obtained by flipping the ‘1’ disc. Thus, to find out what the
negative of 2 is, we flip over two ‘1’ discs to obtain +2.
However, the main issue with this method is that the operation
is minus 2, not the negative of 2, and the end result is plus 2,
not positive 2. As explained in the previous section on
Prerequisites, there is a difference between ‘minus’ and
‘negative’, and between ‘plus’ and ‘positive’.
However, after learning Key Concept 3, there is a way to
resolve the issue in the first alternative, giving rise to the
second alternative to develop Key Concept 4. From the second
interpretation of Key Concept 3, e.g. 5  2 = 5 + (2), we
observe that ‘minus 2’ is equivalent to ‘plus the negative of 2’.
In other words, subtracting a number is the same as adding the
negative of the number. Thus ‘minus 2’ is also equivalent to
‘plus the negative of 2’, which is ‘plus 2’, as developed in the
first alternative. Therefore, 5  (2) = 5 + 2. The question is
whether the second alternative is also too difficult for low
progress learners since it requires the development of two other
concepts: the second interpretation of Key Concept 3 applied
to negative numbers, and the negative of a negative number is
its absolute value. Perhaps adding two zero pairs in the original
method used to develop Key Concept 4 in this article is not too
difficult after all?
Similarly, students need to know how to perform the operations
in the following worked example by using the last three key
concepts.

2  (7) = 2 + 7
=9
(b) 5  (4) = 5 + 4
= 4 + (5)
=45
= 1

(a) 2  (7)

(b) 5  (4)

[Key Concept 4]
[Key Concept 4]
[Change order of numbers]
[Key Concept 3]
[Key Concept 2]

For part (b), some students may use the discs by removing 4
‘1’ discs from 5 ‘1’ discs to obtain one ‘1’ disc, which is
the answer. But this method of removing ‘1’ discs is not
helpful for students to see that 5  (4) = 5 + 4, which will
lead to Key Concept 4. Another alternative is to change the
example to 5  (6), where there are not enough ‘1’ discs to
remove. First, this example will not involve Key Concept 2
since 5  (6) = 5 + 6 = 6  5 = 1. Secondly, students can
still add one zero pair to the 5 ‘1’ discs, and then remove 6
‘1’ discs to obtain the answer, but again this method is not
helpful for students to see that 5  (6) = 5 + 6.
The main reason why Key Concept 4 is so important is that
students will have difficulty using this method of removing ‘1’
discs for bigger negative numbers, e.g. 49  (83), or for nonintegers, e.g. 0.7  (1.6), which was given at the start of this
article. However, it may not be advisable to start with bigger
negative numbers or non-integers for Worked Example 4(b) as
this is the first time students encounter so many operations one
after another. Nevertheless, the practice questions should
include bigger negative numbers and non-integers to make
students realise that they cannot always depend on the method
of removing ‘1’ discs.

Conclusion
Did we miss out any combination of positive and negative
numbers? Part (a) of Worked Example 4 involves a positive
number minus a negative number while part (b) involves a
negative number minus a negative number. What about a
negative number minus a positive number? That has been dealt
with in part (d) of Worked Example 3. Therefore, these four
key concepts are enough to cover all the different combinations
of addition and subtraction of positive and negative numbers.
Although the state of a number (whether positive or negative)
is different from operations such as addition or subtraction,
Key Concept 3 actually provides a means for linking them
together. The essence of Key Concept 3 is that the addition of
a negative number is the same as the subtraction of its absolute
value, i.e. we can now associate negative with subtraction. On
the other hand, the second interpretation of Key Concept 3 does
the converse (the subtraction of a positive number is the same
as the addition of the negative of the number), i.e. we can now
associate subtraction with negative. In other words, after the
development of Key Concept 3, we can now treat ‘negative’
and ‘subtraction’ as more or less the same, bearing in mind that
in the real world, owing money is still different from returning
the money.
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An Intuitive Pictorial Approach to an Angle Property of Circle:
Angle at the Centre Equals Twice the Angle at the Circumference
Chew Chong Kiat
Yuan Ching Secondary School

Introduction
Angle properties of circles, such as angle in a semicircle, angles in the same segment, angles in opposite
segments and angles in alternate segments, are derived from the property of angle at centre equals twice
angle at circumference. Knowing this property of the angle at centre will help students in understanding
the other properties that are derived from it. This property is among the hardest of all the angle properties
of circle, especially to low progress learners.

Challenges in Learning the Property of the Angle at Centre
The following diagram shows the four cases for this property, case 4 being the special case of case 2.

Students usually find it challenging to identify, for each of the cases in various orientations, the angle
at the centre and the angle at the circumference, particularly in cases 2 and 3. Thus it is important that
they are able to identify the correct angles in the property. Once this challenge is overcome, the
application of the property is usually not an issue to them.
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A Strategy to Help Students Overcome the Challenge
Most students can easily identify the angles in case 1 - the angle at the centre as the angle formed
between the two radii from two points on the circumference of the circle and the angle at the
circumference as the angle formed between two chords from the same two points on the circumference.
By helping students make connection between cases 1 and 2, and between cases 1 and 3, they will be
able to correctly identify the angle at the centre and the angle at the circumference for each of the cases.
A strategy that I had used in my lesson was an intuitive pictorial approach that helps students see the
connections between cases 1 and 2, and between cases 1 and 3. This approach is particularly helpful to
move students who are at level 1 or 2 of the van Hiele levels of geometrical thinking to a higher level.
The van Hiele theory postulates students’ progress through four sequential and hierarchical levels of
thinking as they learn geometry:
Level 1 (Visualization): Students recognize figures by appearance alone, often by comparing them to
a known prototype. The properties of a figure are not perceived. At this level, students make decisions
based on perception, not reasoning.
Level 2 (Analysis): Students see figures as collections of properties. They can recognize and name
properties of geometric figures, but they do not see relationships between these properties. When
describing an object, a student operating at this level might list all the properties the student knows, but
not discern which properties are necessary and which are sufficient to describe the object.
Level 3 (Abstraction): Students perceive relationships between properties and between figures. At this
level, students can create meaningful definitions and give informal arguments to justify their reasoning.
Logical implications and class inclusions, such as squares being a type of rectangle, are understood.
The role and significance of formal deduction, however, is not understood.
Level 4 (Deduction): Students can construct proofs, understand the role of axioms and definitions, and
know the meaning of necessary and sufficient conditions. At this level, students should be able to
construct proofs such as those typically found in a high school geometry class.
Reference:
https://www.google.com.sg/search?q=van+hiele+theory+of+the+development+of+geometric+thinkin
g&oq=van+hile+the&aqs=chrome.2.69i57j0l5.22120j0j7&sourceid=chrome&ie=UTF-8#
Students were first shown the angles in a circle in case 1. With appropriate scaffolding, students were
able to arrive at a hypothesis, through inductive reasoning, that the angle at the centre is twice the angle
at the circumference. (The proof of this hypothesis was done at later lessons). With the help of a
dynamic geometry software (DGS), the angles in the diagram were manipulated to help students transit
from level 1 to level 2 of van Hiele theory - from "looks like" to verifying the hypothesis of the
relationship between the angle at the centre and the angle at the circumference subtended by the same
two points.
When the students were convinced and more confident of identifying the two related angles in the circle,
I next dragged the points on the circle to show how cases 2 and 3 were formed from case 1. Again,
using the DGS, students practiced identifying the angle at the centre and the angle at the circumference.
These will be further reinforced with pictorial narratives of ‘head tilts’ and ‘legs split’, as shown in the
diagram below.
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Through the pictorial narrative, I aimed to create a learning experience for the students to see the
connections between cases 1 and 2, and between cases 1 and 3 of the property. This is imperative
because if they can identify the angle at the circumference and the angle at the centre in case 1, it will
help them identify the two related angles in case 2 and 3.
In order to reinforce the students’ ability to identify the related angles, many orientations of each case
were shown. This move is crucial to see that the angle property remains regardless how the orientation
might change, and to move students beyond the Visualisation and Analysis levels of the van Hiele’s
theory. However, as this intuitive pictorial approach is not a rigorous proof of the property, a formal
proof of this property, through guided inquiry, had to be done at later lessons.
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Conclusion
The Intuitive Pictorial Approach to learning the angle property of the circle shared above can be further
extended to
(i)

Angle in a semicircle,

(ii)

Angles in the same segment, and

(iii)

Angles in opposite segments.

The above is a sharing of the lesson conducted for the classroom observation by EMTA2017 selection
panel. Chew Chong Kiat is a recipient of the EMTA 2017.
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Ask Dr Maths Teaching
Primary School Mathematics
Question 1:
Is 2  3 the same as 2 groups of 3 or 3 groups of 2? Does it
matter whether it is 2 groups of 3 or 3 groups of 2 since
multiplication is commutative and both answers are still equal
to 6?
Answer
It all depends on how we read the multiplication sign . If we
read 2  3 as ‘2 times (of) 3’, then it is 2 groups of 3. But if we
read it as ‘2 multiplied by 3 (times)’, then it is 3 groups of 2. In
Primary 1, when students first learn about multiplication, all
the MOE-approved textbooks teach them to read 2  3 as ‘2
times 3’. In Primary 2, when students learn about ‘multiplied
by’, all the textbooks also write 2  3, but it is now read as ‘2
multiplied by 3’. In other words, it depends on how we read the
multiplication sign .
However, in China, 2  3 is always read as ‘2 multiplied by 3’.
Therefore, when a local or foreign student in Singapore writes
2  3 (you may read this as ‘2 cross 3’ in verbal discussion), it
is important to ask the student whether he or she means ‘2 times
of 3’ or ‘2 multiplied by 3’.
2 groups of 3 and 3 groups of 2 have different structures. But
because both answers are equal to 6 since multiplication is
commutative, many people think that the structures are not
important and they don’t understand what the fuss is all about.
To give an example why structures are important, suppose
students are to find the total number of apples if there are 2
bags and each bag contains 3 apples, i.e. 2 groups of 3 apples.
Student A said that the answer is 2 times 3 = 6.
Student B said that the answer is 3 times 2 = 6.
Student C said that the answer is 1 + 5 = 6.
Student D said that the answer is 24  4 = 6.
Student E said that the answer is 2 multiplied by 3 = 6.
Student F said that the answer is 3 multiplied by 2 = 6.
Student G wrote the answer as 2  3 = 6.
Student H wrote the answer as 3  2 = 6
Since the above answers are all equal to 6, can we say that
Students C and D are correct because the structures are not
important? Similarly, can we say that Students B and E are
correct because the structures are not important?
In China, Student G will be considered wrong and Student H
correct because they always read  as ‘multiplied by’. But in
Singapore, can we say that Student H is wrong? Although most
people in Singapore will usually read  as ‘times’ because it is
easier to read than ‘multiplied by’, we cannot assume that
Student H means ‘3 times 2’ when he wrote 3  2.

However, if we consider the array in the figure below, it does
not matter whether it is 2 groups of 3 or 3 groups of 2 because
we can group them either way. When the order of the numbers
is not important, i.e. when it can be ‘2 times of 3’ or ‘3 times
of 2’, we can simply ask for the ‘product of 2 and 3’.

But in some countries, for arrays, their convention is to group
them in rows. So the above array will be interpreted as ‘2 times
of 3’.
On one hand, teachers should know the two different ways of
reading the multiplication sign, understand the importance of
structures and teach their students the correct mathematics. On
the other hand, because these are only lower primary school
students, we have to be careful how to develop their
understanding progressively from P1 to P2 without confusing
them, e.g. by using suitable contexts and examples.

Secondary School Mathematics
Question 1:
Is 0 a perfect square? Some of my maths colleagues argued that
0 is not a perfect square because it cannot be divided by 0,
unlike 9, which is a perfect square because it can be divided by
3.
Answer
9 is a perfect square because it can be written as 3  3, not
because it can be divided by 3. Since 0 can be written as 0  0,
then 0 is a perfect square.
The reason why sometimes people exclude 0 as a perfect
square is because they are dealing with positive integers only.
This is the same reason why they would list even numbers as
2, 4, 6, … For information, in number theory, 0 is considered a
perfect square.
Question 2:
The teachers in our maths department were debating whether


2

is a fraction. What is the definition of a fraction?

Answer
‘Fraction’ is a vague term that can mean different things. The
earliest fractions were unit fractions (i.e. the numerator is 1 and
the denominator is a positive integer). The idea is that a fraction

11

represents a part of a whole. Then it was extended to include
any number of equal parts of a whole. This is called a proper
fraction, which is between 0 and 1. Later, it was extended to
include improper fractions, where both numerator and
denominator are still positive but the numerator is greater than
or equal to the denominator. This means that improper
6
3
and . When negative
fractions also include integers, e.g.
3
3
numbers were invented, we also have negative fractions.
In general, a simple fraction (also called a common fraction or
a
a vulgar fraction) is a rational number written as , where a
b
and b are integers and b  0. But a simple fraction is still
1
different from a rational number, e.g. if a = and b = 3, then
2
a
is still a rational number but it is called a complex fraction.
b
According to Wikipedia under Fraction (mathematics), a
fraction can also contain radicals or surds such as 2 , an
irrational number such as , or a non-real number such as i, in
the numerator and/or the denominator (although some people
may disagree with this definition). However, when spoken in
everyday English, a fraction usually refers to a proper fraction.
Therefore, we have to be careful when someone uses the word
‘fraction’ because the person can use it to mean so many
different concepts.
Source: https://en.wikipedia.org/wiki/Fraction_(mathematics)
Question 3:

3x
18
, I obtain
. But when I
6  4x
6  4x2
9
, I obtain
 c . What went wrong?
12  8 x

When I differentiate
integrate

18

6  4x2

Answer

3
3x
, we obtain a quotient of 
4
6  4x
9
3
9
and a remainder of , i.e. 3x =  6  4 x   .
2
4
2
3x
9
3
=
Dividing throughout by 6 – 4x,
 .
6  4x
12  8 x 4
Using long division for

In other words, there is nothing wrong with obtaining
9
18
.
 c when integrating
12  8 x
6  4x2
Question 4:
In the topic on Linear Law, to express y = 2x2  3x in the form
y
Y = mX + c, we obtain = 2x  3. Students were then asked to
x
y
find the value of c, which is the value of Y = when X = x
x
y
= 0. Shouldn’t be undefined when x = 0?
x
Answer

δy
dy
is defined as lim
.

x

0
dx
δx
But as x tends to 0, y also tends to 0. So we have a situation
of 0 divided by 0, but the limit may exist. In fact, the limit exists
for most of the gradient functions taught in secondary school
maths.
Recall that the gradient function

You may have learnt about L’Hôpital rule in university before.
sin x
, you need to first check that as
For example, to find lim
x 0
x
the denominator x tends to 0, the numerator sin x also tends to
0. Then you can apply L’Hôpital rule by differentiating the
sin x
numerator and the denominator separately: lim
=
x 0
x
cos x
lim
= 1. In this case, the limit exists and is equal to 1.
x 0
1
sin x
? Since sin x  0 as x2  0,
But what about lim
x 0 x 2
cos x
sin x
applying L’Hôpital rule, we have lim
= lim
. But
x 0 x 2
x 0 2 x
as 2x  0, cos x  1, so the limit does not exist. In other words,
there is a difference between 0 divided by 0, and a non-zero
integer divided by 0: in the former, the limit may or may not
exist, but in the latter, the limit does not exist.
In the question on Linear Law, as x  0, y = 2x2  3x  0.
4x  3
y
2 x 2  3x
Applying L’Hôpital rule, lim = lim
= lim
x 0 x
x 0
x
0
x
1
= 3, i.e. the limit exists in this case and is equal to 3, which
is expected.
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