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Dear AME members
2019 marks a significant milestone for AME as we celebrate our 25th anniversary. For
the past 25 years, we have worked tirelessly to promote the professional development
of mathematics educators in Singapore. Our flagship event, the annual Mathematics
Teachers Conference (MTC), has consistently received strong support from the
local fraternity of mathematics educators. A total of 744 participants attended MTC
2018. Many of them gave positive feedback, and were excited and energized by the
discussions on Big Ideas in Mathematics. Our editorial team is now working very hard
to turn the ideas and lessons shared by the speakers into the 2019 AME Yearbook,
which will be given to all participants of MTC 2019. This book will be a valuable
resource for teachers in their efforts to teach towards Big Ideas.
The theme of MTC 2019 is Mathematics: Connections and Beyond. We want the
rich discussions on Big Ideas to continue and have thus invited speakers to build on last
year’s theme and share with us their views on the connected nature of mathematics.
At the same time, we also want to look forward to the future and some speakers
will share their views on the role of mathematics in preparing students for the digital
economy. This year, we are delighted to have Dr Gog Soon Joo, Chief Futurist &
Chief Research Officer from SkillsFuture Singapore to address us in our first keynote
lecture. In addition, many other renowned international and local experts will speak
at MTC 2019.
MTC 2019 will take place on 7th June 2019 and we look forward to your participation.
Registration will open in February and details can be found on our website: math.nie.
edu.sg/ame/mtc2019/
Besides MTC 2019 in June and the AME Institutes for Primary and Secondary School
Teachers in March, we have plans for other events in the second half of the year to
commemorate our 25th anniversary. Do look out for our announcements nearer the
date.
We hope that 2019 will be a fruitful year of learning and growth for all of us.
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USING GAMES TO IMPROVE WORKING MEMORY AND MATHEMATICS
Ng Swee Fong
Mathematics and Mathematics Academic Group
National Institute of Education, Nanyang Technological University, Singapore

Working Memory: Sensitive Predictors to Learning Arithmetic
Research shows that working memory and literacy are sensitive predictors of performance on algebraic word problems (Lee, Ng, Ng,
& Lim, 2004). What is working memory? Lee et al. (2004) used the Baddeley and Hitch’s (1974) tri-partite working memory model
in their work with Singapore children. Working memory can be defined as an individual’s mental workspace where relevant
information is held and to be acted upon during problem solving. The central executive oversees the two slave systems, the
phonological loop and the visual-spatial sketchpad. These two systems work independently of each other. Briefly, the phonological
loop is activated when we attempt to recall information for a short period of time. When provided with a span of digits such as 1, 2,
3, 4, 5, 6, 7, 8, the phonological loop is activated to recall the forward digit and the backward digit span. The maze task is used to tap
the visual-spatial sketchpad. Without lifting the pencil, find the route to the figure in the maze.

Central Executive

Phonological Loop

Visual-spatial Sketchpad

Baddeley and Hitch’s (1974) tri-partite working memory model

The right arrow shows the forward digit span and the left arrow, the backward digit recall.
Stimulus presented

Response booklet

Visual-spatial sketchpad tasks

6 years old

9 years old

12 years old

There is a six year difference amongst children within the same academic year. Although the chronological age of Primary 3 children
is 9, some children may have the working memory capacity of a 12 year old and others may be functioning at 6. Fully functioning
working memory capacity happens around late teenage years (Gathercole & Alloway, 2008).
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The Beetle-card Game
This article discusses the efficacy of Beetle-card game used in strengthening working memory and the learning of number facts for
children who may have difficulties recalling number facts. The Beetle-card game is designed to facilitate number sense in learners,
particularly the young. There are two sets of double-sided wooden cards, motifs of beetles on the upper side and dots on the lower
side, two dice and 40 wooden discs. This game may help children improve their preservation and representation of quantity and
numbers and gain greater familiarity with addition and subtraction facts and develop their recollection of facts. The cards can be
sorted into two sets of twelve cards. As such, there are two levels of complexity to the game.

Figure 1: Complexity Level I, where colour cues may be used to remember number of dots on each card.
Complexity Level I (figure 1): The 12 cards shows 6 pairs of beetles on 6 different coloured backgrounds, (white, blue, yellow, etc.).
The orientation of the question mark on each of the 12 beetles remains the same. The objective is to use the colour cues to remember
the number of dots associated with that colour. The blue background carries a value of 5, white a value of 3.
Playing the game at Level I: Spread out the cards from set I on the table, beetles on the upper side. Each player take turns to throw
the two dice and sum the total of the two dice. For example, Player A throws the two dice and the numbers on each face of the die
are 3 and 5, giving a total of 8. Player A turns one card. The number happens to be 4, this is too little. The card is left facing up.
Player A takes the second card to try to get a total of 8. If the second card shows 3 dots, then the total from the two cards is 7. The
player has to try to secure a third card with 1 dot to get total of 8. At each turn, the player can only turn up to a maximum of three
cards.
In the course of playing this game, the player activates the phonological loop to remember (i) the total the number of dots from the
two cards. Player A keeps rehearsing the total 4 and 3 is 7, 7 and 1 is 8. (ii) Green has 1 dot. At Level 1, other than to subitize the
number of dots on each card, the visual-spatial sketchpad may not be particularly important for success in the game.
Complexity Level II (figure 2): The twelve cards shows 6 pairs of beetles arranged in 6 different spatial orientations. All the 12 cards
have the same light-green background. Colour cues can no longer be used to remember the number of dots on each card. Instead,
they have to associate the spatial orientations of the question mark on the back of each of the beetle to remember the number of dots
on that particular card, thus activating the visual-spatial sketchpad.

Figure 2: Complexity Level II, spatial orientation of the question mark, but not colour cues, is used to remember
number of dots on each card.
Whenever a player completes the task successfully, the player is rewarded with one red disc. The winner is the first to collect 10
discs.

Figure 3: Conventional Cards with the same motif for all 52 cards
How Does the Beetle-Card Game Compare to Conventional Card Games, Snakes And Ladders, and the Emperor of Games,
international chess.
Conventional card games (figure 3) encourage children to rehearse their number facts. However, because the motifs on upper faces
of all the cards are the same, they do not encourage children to expand working memory capacity, in particular the visual-spatial
sketchpad. Snakes-and-ladders, an ancient Indian board game, do encourage children to work with spatial orientation, with ladders
going up and snakes coming down. However, this game does not demand children to remember orientations of the snakes and the
ladders. Thus, the visual-spatial sketchpad is not as active as in the Beetle-card game.
International chess, the emperor of games, is a game of strategy, played between two players. To outsmart the opponent, each player 3
needs to remember the position of the individual pieces on the 64 squares of the 8 by 8 grid. This most likely activate the visual

Figure 3: Conventional Cards with the same motif for all 52 cards
How Does the Beetle-Card Game Compare to Conventional Card Games, Snakes And Ladders, and the Emperor of Games,
international chess.
Conventional card games (figure 3) encourage children to rehearse their number facts. However, because the motifs on upper faces
of all the cards are the same, they do not encourage children to expand working memory capacity, in particular the visual-spatial
sketchpad. Snakes-and-ladders, an ancient Indian board game, do encourage children to work with spatial orientation, with ladders
going up and snakes coming down. However, this game does not demand children to remember orientations of the snakes and the
ladders. Thus, the visual-spatial sketchpad is not as active as in the Beetle-card game.
International chess, the emperor of games, is a game of strategy, played between two players. To outsmart the opponent, each player
needs to remember the position of the individual pieces on the 64 squares of the 8 by 8 grid. This most likely activate the visual
spatial sketchpad. Furthermore, to execute the ultimate coup the grâce, ‘checkmate’ the player has to keep a tally of the number of
moves of the remaining pieces on the board. This probably activates the phonological loop. The movement of each piece is governed
by specific rules, therefore are too many variables for the young to remember. Although some may be able to engage with the game,
it is prudent to delay its introduction until later.
Therefore, the Beetle-card game is developmental. With each round of the game, different players are likely to strengthen the each of
the two slave systems and simultaneously develop their number bonds.
Un-Intended Outcomes of the Beetle-Card Game
It is not possible to predict what other learning outcomes children may accrue from playing the Beetle-Card game. Children may learn
to use colour to code information that they may encounter in other unfamiliar situations. They may also use different orientations of
signs to code for unfamiliar information. These are some of the nontangible outcomes from playing the Beetle-Card game. The
Beetle-Card game need not be limited to Primary 1 children. It can be used with all children who have difficulties remembering the
number bonds. Even the elderly could play this game, helping them to keep a healthy mind.
This article focuses on the development of the two slave systems. The next Maths Buzz article discusses how the Central Executive
can be fractionated into related functions such as shifting, updating and inhibition and how these may support problem solving of
mathematical word problems.
References
Lee, K, Ng S, F., Ng, E. L., Lim, Z. Y. (2004). Working memory and literacy as predictors of performance on algebraic word
problems. J. Experimental Child Psychology 89, 140–158
Gathercole, S. E., Alloway, T.P. (2008).Working memory and learning: a practical guide for teachers. London: SAGE Publications.

Design of mathematics instructional materials: A blank space
Leong Yew Hoong, Cheng Lu Pien, Toh Wei Yeng Karen
Mathematics and Mathematics Education Academic Group
National Institute of Education, Nanyang Technological University

We are part of a project that studies the enactment of the mathematics curriculum in Singapore Secondary schools. The project is
ongoing and the overall research design and goals are described in Kaur, Tay, Toh, Leong, and Lee (2018). One of the sub-study of
this project focuses on the teachers’ design and use of instructional materials. We are beginning to uncover some under-reported
complexities in the way our Singapore competent mathematics teachers think about when designing these instructional materials. We
are in the process of reporting some of these findings through in-depth case studies of these teachers’ practices. One case that is written
in a detailed form (Leong, Cheng, Toh, Kaur, & Toh, 2019) is about a teacher’s use of “making explicit” as a fundamental guiding
principle in the design of his instructional materials.
As we looked at more cases, we found that almost all of the participating teachers (29 out of 30) use substantially some form of
school-designed instructional materials in their mathematics classrooms. “Instructional materials” (IM) are defined as classroomready resources that are actually used during lessons which students can access to directly for their learning of the targeted content.
Hard copy “Worksheets” that we see distributed during mathematics lessons for students to work on is a common example of IM in
our Singapore classrooms. By “school-designed”, we mean the crafting of the materials into a form that is finally to be used in the
classroom is done ‘in-house’ by the school mathematics teachers - whether it is done individually by the teacher or in discussion with
other teachers in the school is immaterial for our current purpose. This term is to distinguish IM from textbooks or other curricula
resources that had not undergone deliberate modifications by the teachers. In other words, many of the participating teachers do NOT
merely import directly textbook items or sequences into the classroom; they develop their own IM that may be (substantial)
modifications of these reference materials.
As we examined the IM used by these teachers, we grew increasingly intrigued by the careful intentional work that teachers put in to
design them – and how much of these behind-the-scenes thoughtwork of the teachers remain unreported in the literature. This
prompted us to consider this article (and if the editors allow, a series of articles), which we see as a beginning step to make public the
knowledge base of our teachers in task design. As this is not a research article, we focus immediately on those portions and findings
we think would more directly resonate with mathematics teachers. For the purpose of this article, we will discuss exclusively from
one ‘surprising’ artefact.
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The artefact
We present the following artefact which we extract from a teacher’s IM:
Quadratic Formula
The roots of the general quadratic equation 𝑎𝑎𝑥𝑥 2 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐 = 0 can be obtained by the quadratic formula
−𝑏𝑏 ± √𝑏𝑏 2 − 4𝑎𝑎𝑎𝑎
𝑥𝑥 =
2𝑎𝑎
Let’s try to derive this formula by applying the completing the square method.

The above segment, together with the school’s logo and preamble (e.g., name, class, and date fields), formed about a third of an A4
page. The rest of the page is blank – as space for students to attempt the derivation.
Perhaps, like most of our readers, our first impressions of the artefact is that it is – unimpressive. First, there is nothing out-of-theordinary (it seems) to state the quadratic formula this way. It does not seem to allow room for students’ exploration and it portends
the start of a ‘boring’ teacher-centred initiation into a demonstration routine; second, the two-thirds blank page does not provide any
scaffold for students in the derivation process. Based on some of our prior experiences in teaching, we may even think that this is
beyond the ability of most of our students. We wonder what may happen when students are stuck in the derivation process without
some ostensible ‘structure’ to guide them. Would they simply give up?
The artefact-in-context
When this piece of artefact is analysed within its context (based on a study of the previous IM used by the teacher and teacher
interviews), a different picture emerges.
First, the teacher repeatedly stressed that she saw this exercise as a culmination of all the work that she did with the class in the
previous two lessons. In those lessons, she taught them the method of completing the square – this is alluded to in the statement of
the derivation task within the artefact itself. She was thus looking forward and deliberately planning to ‘encash’ those investments of
effort in what she regarded as a high point in this topic – the derivation of the quadratic formula. We should add that the high premium
she placed on derivation of the formula surprised us. Perhaps, we too have been too easily taken in with the popular narrative that
Singapore mathematics teachers prefer to ‘just apply’ formula instead of attempting the more cognitively-demanding (but disciplinecohering) work of derivation. [If the reader is keen to read more into the contrast between ‘just apply’ teaching and ‘develop formula’
teaching, you may refer to Leong, Tay, Quek, Yap, and Toh (2015)]. Clearly, this teacher reminds us against a narrow stereotyping
of mathematics teachers in Singapore. She set the ambitious goal of teaching towards the ‘why’ (and not just the ‘how’) of mathematics.
Second, she mentioned that the “blank space” that comes with the task was intentional. Based on her historical interactions with the
students, she knew that many students had the tendency to work through the worksheet with a traditional mindset – work through one
similar exercise after another to gain fluency of method. While she was not averse to gaining fluency of method, she did not want this
habit to breed a purely over-mechanistic procedural mentality towards the doing of mathematics. She wanted her students to pause
and think at crucial junctures on how to connect prior learning to a seemingly novel task. She was mindful that explicit scaffolds for
the derivation task might play right into this mechanistic habit – that is, just follow the steps; rather, she wanted students to break
from this mindset by ‘forcing’ them to slow down and think carefully for themselves how they can apply previously learnt techniques
in this situation. The blank space thus signals an invitation to students to explore their own ways of thinking.
But she was not unaware that some students might need more help with this task than others. But she did not want to include ‘helping
tips’ in the task itself to lower the cognitive demand for those students she believed could be suitably challenged with it. How she
overcame this challenge was in a design technique which we have come to term “flexible connection to the classroom”. At the point
of the design of the worksheet, she could not as yet predict precisely the level of scaffolds her students may need in class. Instead of
over-scaffolding by inserting the guideposts within the printed task, she decided to determine the scaffolds that she would provide
according to how students take to the development of the completing the square method during the classroom lessons. In other words,
she wanted to keep the blank space so that she could flexibly – in response to classroom conditions – insert the right amount of scaffold
to the task according to the real-time needs of the students at that point. The next section explains this further.
The artefact-in-class
When used in class, it was preceded by three exercises on completing the square: Solve (i) 𝑥𝑥 2 − 16𝑥𝑥 − 4 = 0 ; (ii) 𝑥𝑥 2 + 5𝑥𝑥 + 8 = 0;
(iii) 2𝑥𝑥 2 + 15𝑥𝑥 + 10 = 0. There are a number of reasons for choosing these exercises and for sequencing them in this way [and it
may be a worthwhile exercise for the reader to surmise the reasons and how you may do it differently for different goals you have for
your students]. But for the current purpose, we highlight its connection to the derivation of the quadratic formula.
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The solution of each of the three exercises were presented (with students’ participation) as three columns on the whiteboard (left to
right). About thirty minutes of class time were used for these exercises. It was part of her plan as the teacher who had repeatedly
stressed that she wanted to base the derivation solidly on the students’ proficiency with the technique of completing the square. At
the end of this segment of the lesson, she erased the first two columns (that is, solutions of (i) and (ii)), deliberately leaving the solution
of (iii) on the whiteboard. The actual working steps as shown on the whiteboard are reproduced:
2𝑥𝑥 2 + 15𝑥𝑥 + 10 = 0
15
𝑥𝑥 2 +
𝑥𝑥 + 5 = 0
2
15
𝑥𝑥 = −5
𝑥𝑥 2 +
2
15
15 2
15 2
𝑥𝑥 2 +
𝑥𝑥 + ( ) = −5 + ( )
2
4
4
145
15 2
(𝑥𝑥 + ) =
16
4
𝑥𝑥 +

145
15
= ±√
16
4

145 15
−
16
4
𝑥𝑥 = −0.740 𝑜𝑜𝑜𝑜 𝑥𝑥 = −6.76
𝑥𝑥 = ±√

She then directed the students to the derivation page of the artefact, making explicit references to the steps of (iii) on the whiteboard
– that whenever they are stuck, they can refer to the steps shown on the board. In other words, that the steps provided on the board
were so detailed was not serendipitous – they were meant to provide students with a clear reference to the steps needed for the
derivation, so that students will find it easier to connect the manipulation with the numerical coefficients to the analogous symbols of
a, b, and c.
Moreover, (iii) as the point of connection to the derivation was a planned move – compared to (i) and (ii) where the coefficient of the
x2-term is 1, (iii) possesses the necessary ingredients for ‘transfer’ of the manipulation steps to the derivation. As examples, the
15
𝑏𝑏
of the
“dividing by 2” corresponds to the first step of “dividing by a”, and the coefficient of the x-term of corresponds to the
2
𝑎𝑎
general case.
When seen from the actual classroom vignette, what appears at first sight as a contentless casual blank space on the worksheet becomes
in the plan of the teacher a space where the students were required to train their thoughts on what she considered a critical juncture in
the topic – the derivation of the quadratic formula. Specifically, she wanted her students to connect from what they learnt previously
about completing the square to the derivation task. She did so through flexibly linking a suitable point in her lesson to this pre-printed
task.
Conclusion
We conclude this article by reflecting on a few lessons we can learn about IM design from the teacher:
1. Identify a critical juncture in a topic development that is well worth students’ effort at working it through carefully. Signpost
it in your IM so as to remind yourself that you (and the students) will need to ‘slow down’ at that point in order to think. [In
the case of the teacher, she signposted it by devoting a full page on it].
2. Locate this critical juncture in your IM at a point where it connects well with the contents prior to it (and perhaps, after it).
[In the case of the teacher, she deliberately set up lessons on completing the square, culminating at the derivation of the
quadratic formula as a natural connecting application of the technique].
3. Allow flexible room for the actual enactment in your class to launch into this critical juncture located in your IM. Plan for
scaffolds in class so that students can ‘enter’ into the juncture with suitable helps for the activity to be a challenge at an
appropriate cognitive level. [In the case of the teacher, she provided a buildup of exercises, specifically making the visual
whiteboard link with the third item].
References
Kaur, B., Tay, E.G., Toh, T.L., Leong, Y.H., & Lee, N.H. (2018). A study of school mathematics curriculum enacted by competent
teachers in Singapore secondary schools. Mathematics Education Research Journal, 30(1), 103-116.
Leong, Y.H., Cheng, L.P., Toh, W.Y., Kaur, B., & Toh, T.L. (2019). Making things explicit using instructional materials: A case
study of a Singapore teacher’s practice. Mathematics Education Research Journal, DOI:10.1007/s13394-018-0240-z,
Online First.
Leong, Y.H., Tay, E.G., Quek, K.S., Yap, S.F., & Toh, W.Y. (2015). Dialogue between Student Teacher DTF and Teacher JAF Maths
Buzz, 15(1), 8-11.
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Metacognitive Training for Effective Problem Solving
Lee Mei Ling Sharon
Nanyang Girls’ High School

Introduction
The central focus of our mathematics curriculum is mathematical problem solving, that is, using mathematics to solve problems.
In particular, the development of mathematical problem solving competency requires attention to the building of concepts, skills,
processes, metacognition and attitudes. One of the key focuses of the 2020 Secondary Mathematics Curriculum is to give more
attention to developing students’ metacognition.
Metacognition and Metacognitive Training
Metacognition is the process of being aware of one’s own thinking and it involves monitoring and regulating one’s own thoughts.
One of the ways to develop students’ metacognition is through Metacognitive Training – a technique which I gleaned from a
research article written by Kramarski and Mevarech in 2003.
The following four instructional methods were examined in the research:

Cooperative learning combined with metacognitive training (COOP+META)

Individualised learning combine with metacognitive training (IND+META)

Cooperative learning without metacognitive training (COOP)

Individualised learning without metacognitive training (IND)
The findings showed that on mathematical reasoning, transfer of tasks and metacogitive knowledge, COOP+META significantly
outperformed IND+META and IND+META significantly outperformed COOP and IND groups.
Metacognitive Training uses three sets of self-addressed metacognitive questions:
1) Comprehension questions
These questions are designed to prompt students to reflect on a problem before solving it. To address these questions,
students must read the problem, describe the information in their own words and try to understand what the information
mean.
2) Strategic questions
These questions are designed to prompt students think of strategies appropriate for solving or completing a given problem
and reasons for employing these strategies. To address these questions, students must describe the “what” – what strategy,
tactic or principle can be used to solve the problem or complete the task, the “why” – why is this strategy, task or principle
appropriate for this problem, and the “how” – how can the suggested plan be carried out.
3) Connection questions
These questions are designed to prompt students to focus on similarities and differences between the immediate problem
and problems or tasks that they had previously completed successfully.
Lesson Preparation to Implement Metacognitive Training in the Classroom
Without cognition, there will not be any metacognition. Considering the profile of my students, I was thus deliberate in the choice
of problems for them to work on. I selected non-routine problems which required my students to think and go beyond simple
recall and application. The selected problem was then printed on a worksheet, together with the Comprehension, Strategic and
Connection questions. The following is an example of a non-routine problem that I chose:
The diagram shows a Ferris wheel of diameter 160 m and whose centre is 90 m above the ground. The wheel takes 36
minutes to make one complete revolution. A girl is now at point P, 90 m above the ground.
Given the equation y = a + bsin(2𝜋𝜋kt), where y is the height of the girl’s position above the ground in metres, t is the time in
minutes after passing P and k is a constant, find the position of the girl 15 minutes after passing P.

(Problem adapted from Yeo, J., Teh, K. S., Loh, C. Y., & Chow, I. (2016). New Syllabus Additional Mathematics (9th Edition). Singapore: Shinglee Publishers Pte Ltd.)
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The Comprehension, Strategic and Connection questions for the problem were as follows:
Comprehension Questions
● Read the problem. What is the problem about? What information is given? Explain in your own words.
● Read the problem again. What new information did you gather?
Strategic Questions
● What topic(s) is/are related to this problem?
● What information is important?
● What strategy or principles can be used to solve the problem?
Strategies involve heuristics such as start with a smaller case, relate to past experience of similar problems and working
backwards. Principles are mathematical rules and laws.
● Why is this strategy or principle appropriate for this problem?
● How can this be carried out?
● How do you know that your solution is correct and that you have arrived at the correct answer?
Connection Questions

How is this problem similar or different from what you have already solved?

Are there alternative ways to solve the problem?
Lesson Enactment
At the start of Metacognitive Training, I explained to my students what metacognition is and that research showed that answering
these metacognition questions (Comprehension, Strategic and Connection) given on the worksheet would enhance their
mathematical performance.
Students first worked on the worksheet individually before proceeding onto a discussion in their assigned heterogeneous groups.
In their groups, students were instructed to take turns to answer the metacognition questions. If no consensus were reached,
the group would have to discuss the issue until disagreements were resolved. At the end of the discussion, every group, each
with a different approach to the problem, would need to present their answers to the class.
Finally, I role modeled the thinking process by reviewing the solutions and explaining concepts according to the Comprehension,
Strategic and Connection questions.
Assessment and Feedback
At the end of the lesson, I gathered feedback from all my students through a short written survey. Some questions used in the
survey were:



How did Metacognitive Training help you in approaching and tackling the problem?
Would you use what you have learnt in Metacognitive Training to solve non-routine problems? Why or why not?

A few students wrote that they learnt to slow down and examine their thought processes instead of rushing through to put down
an immediate answer that came to mind or turning straightaway to friends for help when they encountered a difficulty. Many of
the students were positive about Metacognitive Training as it did help them to clarify their thinking. Some of those who disagree
wrote that they needed more time and practice to internalize the metacognition questions. One student pointed out that “it
depends on the problem” as the problem given might be “simple enough without going through the steps”.
Conclusion
Being metacognitive is a vital skill. It is a habit that can be developed over a period of time and the choice of problems is an
essential factor in the process. Furthermore, we can leverage on non-routine problems to develop students’ communication and
reasoning skills besides training their metacognition skills.
References
Kramarski, B., & Mevarech, Z. R. (2003). Enhancing mathematical reasoning in the classroom: The effects of cooperative
learning and metacognitive training. American Educational Research Journal, 40(1), 281-310.
Yeo, J., Teh, K. S., Loh, C. Y., & Chow, I. (2016). New Syllabus Additional Mathematics (9th Edition). Singapore: Shinglee
Publishers Pte Ltd.
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Using the Contrasting Examples Instructional Approach to Teach Quadratic
Inequalities
Pang Yen Ping
Academy of Singapore Teachers

Introduction

A Strategy to Help Students Overcome these Challenges

Most textbooks and teachers employ only the graphical method when
teaching Secondary Three Additional Mathematics students to solve
quadratic inequalities. The graphical method is summarized into five
steps as follows:
(i) Rewrite the quadratic inequality such that the left-hand-side is of
the form ax2 + bx + c and the right-hand-side is 0.
(ii) Find the roots of ax2 + bx + c = 0.
(iii) Sketch the graph of y = ax2 + bx + c.
(iv) Identify the correct range of values of x that satisfy the quadratic
inequalities from the sketch.
(v) Write down the solution set.

The Contrasting Examples (CE) instructional approach involves getting
students to think about why different solution methods lead to the same
answer and why one might choose one method over another on a
particular problem. Literature suggests that having students contrast
different solution procedures lead to deeper learning, improvements in
problem-solving ability, increased conceptual understanding and
enhanced procedural flexibility (Rittle-Johnson & Star, 2009; 2007). An
important characteristic of using the CE instructional approach is to
present the solutions using different methods side-by-side instead of
sequentially, one after the other, as done in most textbooks. The author
experimented with using the CE instructional approach to introduce
students to the concept of solving quadratic inequalities and found that
employing such an approach led to her students having a deeper
understanding of the concepts behind solving quadratic inequalities and
an increased ability to transfer that understanding to new problems.

Students often find it difficult to make sense of these five steps,
especially the connections between steps (iii), (iv) and (v).
Consequently, it is not uncommon to find students memorising the
above algorithm to arrive at the solution set without understanding
the mathematics behind the algorithm. Such a learning orientation
limits conceptual understanding and transfer of learning to nonroutine problems. Students who are unwilling to memorise the
algorithm often come up with their own methods, that may be
incorrect, to solve quadratic inequalities.
Understanding Students’ Challenges in Learning to Solve
Quadratic Inequalities
One of the most common student errors when solving quadratic
inequalities is illustrated using the examples 1a and 1b below:
Example 1a: Solve x2 + x > 2.
x2 + x – 2 > 0
(x + 2)(x – 1) > 0
x > –2 or x > 1

Example 1b: Solve x2 + x < 2.
x2 + x – 2 < 0
(x + 2)(x – 1) < 0
x < –2 or x < 1

Students who use such a method are extending their knowledge of
solving quadratic equations using the factorisation method to solve
quadratic inequalities. Such students probably have a poor
understanding of inequalities as seen from their final solution x > –2
or x > 1 and x < –2 or x < 1 which makes little mathematical sense.
With little understanding of the meaning behind inequality signs,
these students merely swop the ‘=’ sign with the ‘>’, ‘<’. ‘’ or ‘’ and
apply the already familiar algorithm of solving quadratic equations by
factorisation to solve the similar-looking quadratic inequality.
Another common error made by students is illustrated in examples
2a and 2b below:
Example 2a:
Solve (2 – x) (x + 3) < 0

–3

–3 < x < 2

2

Example 2b:
Solve (2 – x) (x + 3) > 0

–3

2

x < –3 or x > 2

Students who make such errors often have a poor understanding of
the connections between the algebraic and graphical representations
of quadratic functions. They thus conveniently resort to drawing the
‘standard-looking’ -shaped quadratic graph and/or proceed to use
the memorised algorithm that “when the inequality sign is ‘<’, use the
range of x-values between the roots and when the inequality sign is
‘>’, use the range of x-values to the left and right of the roots.”

The author’s introductory lesson to solving quadratic inequalities is
described in the table below together with the rationale behind the various
steps in the instructional sequence.
Instructional Sequence
Rationale
Eliciting Prior Knowledge 1 (Rules of Multiplication)
The teacher starts by asking “If Students have already learnt since
the product of 2 numbers A and Secondary 1 that the result of
B is positive, what can you say multiplying 2 positive numbers is
about A and what can you say positive and the result of multiplying
about B?” while writing
2 negative numbers is also positive.
“A × B > 0” on the board.
Presenting the trigger question in
words (rather than symbols) makes it
easier for students to quickly make
connections to their prior knowledge
of this previously learnt concept.
Introducing the notations “A × B > 0”
while articulating its meaning helps
students make better sense of this
symbolic representation.
The teacher may need to probe Students will definitely be able to
further by asking, “Is that all?”.
articulate the first case that “Both A
and B are positive.” The additional
prompt serves to remind them of the
second case where “Both A and B
can be negative.”
The teacher needs to write
Re-writing the students’ responses in
Case 1: A > 0 AND B > 0 OR
notations helps sensitise students to
the symbolic representation for this
Case 2: A < 0 AND B < 0
below the “A × B > 0” on the topic. Teachers may also need to
board.
explain the difference between AND
and OR as the understanding of
these 2 words have an impact on
students’ understanding of the final
solution.
Connecting to Prior Knowledge 1
After students articulate both Starting with A × B > 0 makes the
cases, the teacher can proceed trigger question accessible to all
to ask “What if
students and writing the quadratic
(x + 1)(x – 5) > 0, what can you inequality (x + 1)(x – 5) > 0 beside A
say about (x + 1) and (x – 5)?” × B > 0 helps students to compare
The inequality
the two representations and discern
(x + 1)(x – 5) > 0 should be the similarity between the two
written beside
inequalities. Once students discern
“A × B > 0”
this similarity, they will be able to
which is already on the board.
identify the two cases easily.
“Case 1: (x + 1) > 0 AND (x – 5) > 0
OR
Case 2: (x + 1) < 0 AND (x – 5) < 0”
should be written beside
“Case 1: A > 0 AND B > 0 OR
Case 2: A < 0 AND B < 0”
which is already on the board.
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Eliciting Prior Knowledge 2 (Solution of Simultaneous Linear
Inequalities)
The teacher can continue to This question is meant to help
ask “When we need to solve activate students’ prior knowledge
two inequalities such as (x + of solving simultaneous linear
1) > 0 and (x – 5) > 0 together, inequalities which should have
how can we do it?”
been taught before teaching this
topic.
Connecting to Prior Knowledge 2
The teacher will then present Although this algebraic solution to
the solution to the 2 cases on the quadratic inequality (x + 1)(x –
the board as follows:
5) > 0 involves a much longer
procedure than the solution
For (x + 1)(x – 5) > 0
employing the graphical method, it
makes more sense to the students
Case 1:
because it stems from rules of
multiplication which they have
x + 1 > 0 and x  5 > 0
learnt since Secondary 1.
x > 1 and x > 5
1

5

The only condition that makes
both true is x > 5.
Case 2:
x + 1 < 0 and x  5 < 0
x < 1 and x < 5
1

5

The only condition that makes
both true is x < 1.
Hence, the final solution to
account for both cases is x <
1 or x > 5.
Eliciting Prior Knowledge 3 (Graphs of Quadratic Equations)
The teacher can now ask “How Students have learnt to both draw
do you think the graph of y = (x and sketch the graph of y = (x +
+ 1)(x – 5) will look like?”.
1)(x – 5) and asking this question
helps them to activate this
knowledge.
Next the teacher can use a Students are usually able to draw
graphing software to graph y = graphs correctly but may not be
(x + 1)(x – 5). Using the graph able to interpret the meaning of
obtained, the teacher needs to their graphs. Hence the teacher
asks questions to help needs
to
ensure
students
students identify the regions understand these connections
on the graph where y = 0, y < before introducing the graphical
0 and y > 0.
method.
Connecting to Prior Knowledge 3
Next the teacher should Although this is immediately
explicitly explain that ‘y = 0’ is obvious to teachers, it is not so for
the same as saying that
some students. Hence teachers
‘(x + 1)(x – 5) = 0’; ‘y < 0’ is the should explicitly mention it and
same as ‘(x + 1)(x – 5) < 0’ and ensure students understand this
‘y > 0’ is the same as ‘(x + 1)(x important connection.
– 5) > 0’.
Finally the teacher needs to Starting with (x + 1)(x – 5) = 0
guide students to identify the makes this question accessible to
corresponding x values when all as students are already familiar
(x + 1)(x – 5) = 0, (x + 1)(x – 5) with the graphical method of
< 0 and (x + 1)(x – 5) > 0.
solving quadratic equations since
Secondary 2.
Once students are able to Teachers need to avoid telling
identify that for ‘(x + 1)(x – 5) > students the corresponding x0, the corresponding x-range range as it is important that
is x < 1 or x > 5, teachers students make sense of the
x-range
by
must highlight that this corresponding
coincides with the algebraic themselves. This will help them
make sense of the graphical
solution obtained earlier.
method to be introduced next.
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Extending to New Knowledge
Teacher
can
start
by Students love short-cuts and
establishing a need to learn would definitely want to learn the
the graphical method by shorter method.
saying, “Now that you have
understood the algebraic
method and seen how it is
connected to the graph, would
you like to see how we can use
the graph to obtain the solution
in just 3 steps?”
Teacher can now present the The graphical solution must be
graphical method on the board presented next to the algebraic
as follows:
solution to enable students to
compare and contrast the two
Roots of y = (x + 1)(x – 5) are solution
methods.
Teachers
should also sketch the graph with
1 and 5.
the y-axis and shade the required
region to help students identify the
Sketch of graph:
solution set required. The sketch
y
below (which lacks details) is not
recommended when students first
start learning this topic as the
connection to y > 0 is not
1
5
x
immediately obvious to some
students from this sketch.

From the graph, the solution of
(x + 1)(x – 5) > 0 is x < 1 or
x>5

–1

5

Teachers should also make
explicit links to the graph drawn
using the graphing software to
ensure students realise that it’s the
same graph.
*The above instructional sequence will take about 20 to 30 minutes,
depending on the student profile and conceptual understanding of
graphs. Although this first part can be quite time-consuming, the
second part will require much less time and scaffolding since
students will be able to draw from their understanding of the first
part to make sense of the second part described below.
Extension, Assessment of Learning and Consolidation of New
Knowledge
The teacher can introduce the Students will be able to easily
second part by asking “If the make connections to the rules of
product of 2 numbers A and B multiplication that when the
is negative, what can you say product of 2 numbers is negative,
about A and what can you say only one of them will be negative.
about B?” while writing
Introducing the notations “A × B <
“A × B < 0” on the board.
0” while articulating its meaning
helps students make better sense
of this symbolic representation.
The teacher may need to This may be needed if students
probe further by asking, “Is only mention
Case 1: A > 0 AND B < 0.
that all?”.
However, most students would be
able to articulate
Case 2: Case 2: A < 0 AND B > 0
as well, especially if part one was
well understood.
The teacher needs to write
Re-writing the students’ responses
Case 1: A > 0 AND B < 0 OR in notations helps sensitise
Case 2: A < 0 AND B > 0
students
to
the
symbolic
below the “A × B < 0” on the representation for this topic.
board.

Connecting to Prior Knowledge 1 (Rules of Multiplication)
After students articulate both Drawing
from
their
earlier
cases, the teacher can understanding of part one,
proceed to ask “What if
students will be able to identify the
(x + 1)(x – 5) < 0, what can you two cases easily.
say about (x + 1) and (x – 5)?” “Case 1: (x + 1) > 0 AND (x – 5) <
The inequality
0 OR
(x + 1)(x – 5) < 0 should again Case 2: (x + 1) < 0 AND (x – 5) >
be written beside
0”
“A × B < 0”
should be written beside
which is already on the board. “Case 1: A > 0 AND B < 0 OR
Case 2: A < 0 AND B > 0 ”
which is already on the board.
Eliciting Prior Knowledge 2 (Solution of Simultaneous Linear
Inequalities)
The teacher can continue to This question can be a rhetorical
ask “Now how can we solve question to make connections to
these
two
inequalities simultaneous linear equations and
simultaneously?”
students need not be called upon
to answer the question.
Connecting to Prior Knowledge 2
The teacher will then present Teachers can also choose to get
the solution to the 2 cases on students to work this out on their
the board as follows:
own or in pairs by referring to the
solution in part one. If this is done,
For (x + 1)(x – 5) < 0
it can serve as a form of
assessment of learning.
Case 1:
x + 1 > 0 and x  5 < 0
x > 1 and x < 5

1

5

Hence, 1 < x < 5
Case 2:
x + 1 < 0 and x  5 > 0
x < 1 and x > 5
1

5

There are NO values for
which this situation is true.

Extending to New Knowledge
Teacher can now present the Once again, the graphical solution
graphical method on the board must be presented next to the
as follows:
algebraic solution to enable
students to compare and contrast
Roots of y = (x + 1)(x – 5) are the
two
solution
methods.
Teachers should also sketch the
1 and 5.
graph with the y-axis and shade
the required region to help
Sketch of graph:
students identify the solution set
y
required. Again, the sketch below
(which lacks details) is not
recommended when students first
1
5
x
start learning this topic as the
connection to y < 0 is not
immediately obvious to some
students from this sketch.
From the graph, the solution of
(x + 1)(x – 5) < 0 is 1 < x < 5.
–1

* Once this part of the instructional sequence is completed, teachers can
give students more examples to try to consolidate their learning and
understanding using the ‘I do, We do, You do’ strategy.

Conclusion
In using the CE instructional approach, care must be taken by the teacher
to ensure that the solutions are placed side-by-side rather than one after
the other. Doing this helps students easily compare and contrast different
solution procedures, allowing them to discern important similarities and
differences. Hence teachers need to carefully plan their board work before
starting the lesson. A suggested plan for the board work of Part 1 is
illustrated below:
A×B>0

(x + 1) (x – 5) > 0

Case 1: A > 0 AND B > 0 OR

Case 1: (x + 1) > 0 AND (x – 5) > 0 OR

Case 2: A < 0 AND B < 0

Case 2: (x + 1) < 0 AND (x – 5) < 0

(x + 1) (x – 5) > 0

Case 1:
x + 1 > 0 and x  5 > 0
x > 1 and x > 5

The understanding of the word
‘AND’ is critical to help students
make sense of why there are no
values of x which will make x < 1
and x > 5 true.

Hence, the final solution to
account for both cases is 1 <
x < 5.
Connecting to Prior Knowledge 3 (Graphs of Quadratic
Equations)
Next the teacher should use If teachers ensured that students
the graph of y = (x + 1)(x – 5) made sense of the corresponding
to get students to recall how x-range earlier, this part will not be
they found the corresponding an issue.
x values when y = 0, y < 0 and
y > 0 and ask them which
solution set is applicable for
the inequality (x + 1)(x – 5) < 0.
Once students are able to Teachers can draw connections to
identify that for y < 0, the part one to again stress the
corresponding x-range is 1 < difference between the solutions
x < 5, teachers must again for (x + 1)(x – 5) > 0 and
highlight that this coincides (x + 1)(x – 5) < 0.
with the algebraic solution just
obtained.

5

1

Roots of y = (x + 1)(x – 5) are 1
and 5.

5

The only condition that makes both true
is x > 5.

Sketch of graph:
y

Case 2:
x + 1 < 0 and x  5 < 0
x < 1 and x < 5
1
1

5

x

5

The only condition that makes both true
is x < 1.
Hence, the final solution to account for
both cases is x < 1 or x > 5.

From the graph, the solution is
x < 1 or x > 5.

Although students almost never use the algebraic method introduced to
solve quadratic inequalities in their assignments and assessments,
understanding the algebraic method helped significantly reduce the most
common type of errors when solving quadratic inequalities (illustrated by
examples 1a and 1b). To assess if students have really understood the
algebraic method, teachers may consider challenging students to solve
𝑥𝑥−5
inequalities such as (x + 1)2(x – 5) < 0 and
> 0.
𝑥𝑥+1
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Ask Dr Maths Teaching
In the Secondary 2 textbook, the students are presented with the following concepts:
1. The sample space of a random experiment is the collection of all the possible
		 outcomes of the experiment.
2. Therefore, if a random experiment has a finite number of equally possible outcomes,
n(E)
____
where n(E) is the
n(S)

		

then the probability of an event E can be expressed as P(E) =

		
		

number of outcomes favourable to the event E and n(S) is the total number of
possible outcomes in the sample space S.

Consider the following question.
“A bag contains 2 red balls and 3 yellow balls. A ball is drawn at random from the bag. What
is the sample space S of the experiment?”
The question for Dr Maths Teaching:
Is the sample space S = { R1 , R2 , Y1, Y2 , Y3 } or S = {red, yellow}?
Answer:
Both are OK. Just take note that S = {red, yellow} means that the outcomes are not equally
likely and so Concept 2 cannot be applied. As a personal preference, I would choose the first
sample space where outcomes are equally likely so that calculation of probabilities can be
made based on Concept 2.
As a comparison, consider the usual experiment of rolling two dice and taking the score,
which is the sum of the two numbers on the top of the dice.
The question for Math Learner:
Is the sample space S ={(1,1), (1,2), …, (1,6), (2,1), …, (2,6), …, (6,6)} or S ={2, 3, 4, …,12}?
Maths Learner will probably choose the first because it affords her the opportunity to use
Concept 2 for calculations. However, since the ‘score’ is 2 or 3 or … or 12, the second
sample space here is as valid as the second sample space in the first example where the
colour is Red or Yellow.
A suitable way to handle this is to consider colour in the first example as an Event and score
in the second example as an event. The target, if possible, is to have a sample space with
equally likely outcomes for plausible calculations and so a breakdown into units of equal
likelihood as in the first sample spaces of both examples is recommended.

Contributions Invited:
You may email your contributions to the following:
• mathsbuzz.ame@gmail.com – for sharing of teaching ideas or research findings
• askdrmathsteaching.sg@gmail.com – for discussion and clarification of issues related to teaching and learning of mathematics

