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also played a part in recognizing outstanding members of the local
teaching fraternity. Five outstanding teachers received the Excellence in
Mathematics Teaching Award this year and another five (three pre-service
teachers and two pursuing their postgraduate studies) received AME book
prizes for their excellent performance in their respective courses of study.
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Formula: To derive or not to derive?
Leong Yew Hoong, Cheng Lu Pien, Toh Wei Yeng Karen
Mathematics and Mathematics Education Academic Group
National Institute of Education, Nanyang Technological University

In the December 2018 issue of this publication, we contributed an article (Leong, Cheng, & Toh, 2018) that
described how a competent Singapore mathematics teacher designed her instructional materials to support her
teaching of the topic on quadratic equations. Specifically, we drew out her thoughts (based on interviews and
classroom videos) surrounding a segment in her materials on the derivation of the quadratic formula, which she
regarded as a high point in the whole topic. She felt that way for these reasons: (1) it was a connection to the
contents covered in previous lessons. After devoting the previous two lessons on the technique of completing
the square, she saw the derivation of the quadratic formula as a natural development and application; (2)
it provided an opportunity for students’ reasoning. To her, she is not satisfied that students merely apply
formulas; she believes that students should also learn the “why”s behind the formulas or methods.
Some of these findings were part of the first phase of the Enactment Project (for more details of the project,
the reader may refer to Kaur, Tay, Toh, Leong, & Lee, 2018) – where we developed in-depth case studies of
competent Singapore secondary mathematics teachers, drawing out characteristics of practice. In Phase Two
of the same project, we wanted to find out the extent of these characteristics across secondary mathematics
teachers in Singapore. We designed an online survey that captured much of the characteristics distilled from
Phase One of the project. Close to 700 teachers across the whole spectrum of Singapore secondary schools
participated in the survey. In relation to this article, we focus on addressing this particular question: What is the
extent to which Singapore secondary mathematics teachers value the derivation of formula?

Survey items
We wanted the survey items to resonate with teachers, that is, the items are rooted in a context where teachers
(who are the respondents of the survey) can easily connect with the meaning conveyed in the survey items
because they are placed within the sphere of teaching experience they can intuitively relate to. Figure 1 shows
the online page that carries the survey items relevant to our current discussion. For more details on the design
of these items, the reader may refer to Leong, Cheng, and Toh (submitted).
The top right section of the page extracts a snippet of an actual segment of instructional material used by
the competent mathematics teacher when she taught the quadratic formula. To its left are the chronological
categories in the same set of instructional materials before and after this segment-in-focus. Items A, B, and C
are the characteristics extracted from this “Formula” section. Teachers were to indicate the degree in which
they similarly adopted these characteristics in the design of their own instructional materials. At the bottom
of the page, there was the option to include other design moves they would adopt that were not described in
these items.

Data
302 teachers responded to this section of the survey. [While close to 700 teachers participated in the overall
survey, at a certain juncture of the survey process, teachers were directed to survey tracks according to their
primary experiences in teaching Additional Mathematics, Mathematics (Express), and Mathematics (Normal).
The discussion here is based on teachers who teach mainly Mathematics (Express)].
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Figure 1. Extract from Online Survey

We assigned the values 1, 2, 3, and 4 to “Never/Rarely”, “Sometimes”, “Frequently”, “Mostly/Always”
respectively. The means for responses to Items A, B, and C are 2.71, 2.93, and 3.19 respectively. The overall
mean for all the 21 items in the questionnaire is 2.91. Figure 2 shows the frequency distribution of each of the
items.

Figure 2. Bar graph showing the frequency distribution of Items A, B and C
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Out of the 302 teachers, 69 teachers provided comments that are relevant to our current discussion. These
comments can be categorized into these codes: “derivation-related”, “memory-related”, and “applicationrelated”. There were 23, 18, and 34 comments in each of these categories respectively. [The numbers exceed 69
in total because some of the comments are multi-coded.] These 69 teachers are distributed across 98 Secondary
schools. Considering there are 1591 Secondary schools in the whole of Singapore, although 69 is a small
number compared to the total number of Secondary Mathematics teachers in Singapore, the representation in
terms of the spread across schools is sizeable.

Interpretations of the data
The increasing respective means for Items A, B, and C indicate the increasing order of preference for teachers
in terms of their design moves for the instructional materials with respect to mathematical formula: derive
formula; build on previous knowledge linked to the formula, and use a variety of examples to help students
recognise the formula.
It appears that Singapore teacher’s priority is that students are exposed to different surface forms whereby
the formula is applicable and that they develop familiarity with the (numerous) application of the formula.
This inference is concurred by the 34 qualitative comments that focused on application-related emphasis.
The comments are generally targeted at specifics on how to help students apply the formula correctly, and we
further categorized the proposed strategies as follows: (a) make explicit that a, b, and c in the formula refer to
the coefficients of the x2-tem, x-term, and the constant term respectively; (b) use worked examples to show the
actual substitution of suitable values of a, b, and c into the formula and its correct evaluation; (c) include also
‘unusual’ examples such as where the coefficient of x-term is zero; (d) emphasise, using non-examples, the
condition for applying the formula: where the right hand side of the equation is zero.
Closely related to this emphasis is the goal to help students in the memorization of the formula, as seen from
the 18 related comments. 14 of these comments point to the use of videos (easily available from YouTube)
of songs that can help students to remember the formula better. Taken together with the focus on correct
application of formula, we think that this priority is related to exam requirements: in standard tests, the
assessment conventionally evaluates students’ ability to obtain, to a specified degree of accuracy, the solutions
of quadratic equations. As such, it is not surprising that teachers place high priority on helping their charges
develop proficiency in this particular skill.
But this is not the only goal of the teachers. Next in the order of priority is the commitment to help students make
connection to previous knowledge that led to the formula. This means that teachers, while their first objective
is to get students to apply well the formula, do not wish the students to view the formula in isolation from the
buildup of previously-taught knowledge or methods. In other words, unlike some caricature of mathematics
teaching (such as “drill and practice” style of teaching mathematics) where “traditional teaching” is equated
with mere memorization and practice of one set of arbitrary formulas after another, the Singapore teachers
do not view the goal of “practise for skill proficiency” as incompatible with the goal of “make connections”.
Rather, they endorse the lead up to the formula from the method of completing the squares, as shown in the
material produced (see Figure 1).
However, the instrument does not capture the specifics of how these teachers would want the “connection” to
be made. One obvious way to make the connection is to carry out the derivation of the formula through the use
of the completing the square method. If this was what the teachers also thought of, then the set of teachers who
responded positively to Item A would be a subset of those who responded positively to Item B – to us, “I want
to derive” is a more specific expression of “I want to make a connection from completing the square”. We look
further into the data to check if they support or refute this conjecture. Taking the score for Item A to be a and
the score for Item B to be b, we look at the distribution of b – a values. 19 yielded the value of –1 and 4 yielded
the value of –2; the remaining 280 gave values of b – a ≥ 0. This means that more than 90% of the respondents
are at least equally committed to “making connections from completing the square” as “derive the formula”.
It is thus likely that, for these teachers, they see deriving as only one way of linking the method of completing
This figure is the total number of secondary and mixed-level schools in Singapore according to the information found
in the Education Statistics Digest, 2018 by the Ministry of Education, Singapore (MOE).
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the square to the quadratic formula. Since the teachers did not describe, we can only surmise how one can
proceed to connect-without-derive. One way is to provide a number of quadratic equations – in gradated
degrees of challenge – to solve using completing the square, and in the process, draw students’ attention to a
recurring pattern of how respective coefficients of the equations were manipulated in the process of arriving
at the solutions. After which, a more general equation of ax2 + bx + c = 0 can then be presented. Appealing to
the same process of completing the square as used in the previous equations, the general formula can then be
shown without actual derivation.
Even though “derivation” is ranked last among the three items, the mean score of 2.71 can be interpreted as:
on average, teachers are committed to derivation at a frequency that is between “Sometimes” and “Frequently”
(and in fact, closer to the latter). This is quite encouraging, especially against the anecdotal backdrop that
Singapore teachers are hardly bothered with deriving formulas, but merely in applying them.

Conclusion
The title of this article is: To derive or not to derive? The results of the survey show that Singapore teachers are
unlikely to respond to this question simplistically. It is not a binary between “derive formula” or “don’t derive
formula”. There appears to be a combination of hierarchical goals that put more priority on application of
formula; however, this does not mean the exclusion of making connections to other related mathematical ideas
and methods, including derivation, when it is helpful to do so. We end with two comments from the qualitative
segment of the survey that summarise the deeper considerations (including the readiness of students) that
teachers bring into the fray:

“[I will] not derive formula at first for my weak classes, but teach them how to identify the a, b
and c. After they are very familiar with using the formula, then I will get them to derive it from
completing the square.”
“This part is tricky. Sometimes deriving will put the students off. It will be good if deriving can
help students remember the formula. If the deriving is complicated and other more difficult
concepts are required which they haven’t learnt, I think it would be better to use a few numbers
to convince them that the formula works and they would accept it. To explain complicated
derivation can make them confused.”
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Critical thinking in the primary mathematics
classroom
Lim Li Gek Pearlyn
National Institute of Education, Nanyang Technological University

Critical thinking has been included as an emerging 21st century competency in the Ministry of Education
(MOE)’s Framework for 21st Century Competencies and Student Outcomes (MOE, 2018). Several articles
in our local newspapers have also underscored the importance of teaching critical thinking in schools (e.g.
Lee, 2018; Zhuo, 2019). Despite the buzz on critical thinking, I have found that teachers have differing
views on what critical thinking is and how it can be taught in the classroom. This article seeks to identify the
operationalisable characteristics of critical thinking, as well as to provide tips on how to design a mathematical
task that promotes the development of critical thinking. An example of such a task is included.

What is critical thinking?
From examining various conceptions on critical thinking (e.g. Paul & Elder, 2006; Watson & Glaser, 2002;
etc.), the following characteristics of critical thinking are found to be recurring:
1) gathering and assessing relevant information,
2) recognising and examining assumptions,
3) being open-minded to alternative viewpoints and
4) justifying decisions with supporting evidence and reasons.
In this article, critical thinking will be regarded as the demonstration of the four recurring characteristics. Thus,
a critical thinker is able to identify and source for reliable and relevant information. He can also examine his
own assumptions and biases, and state how his assumptions affect his decisions. In addition, he is open to
alternative opinions, rather than be insistent on one fixed answer. Finally, he is able to justify his decisions with
supporting evidence and reasons upon considering the data, his assumptions and varied viewpoints.

Mathematical tasks in Singapore classrooms
Mathematical tasks used in Singapore primary mathematics classrooms include word problems that do not
normally require students to recognise assumptions or justify their solutions. Most, if not all, of the word
problems in the students’ mathematics workbooks and worksheets have one fixed answer. Usually, all the
information given in each word problem has to be used, so there is little opportunity for students to decide
which information is relevant. Neither is it a norm for students to be required to source for missing information
or check for assumptions.
If a teacher desires to incorporate critical thinking into her mathematics lesson, the mathematical tasks used
should allow the characteristics of critical thinking to be drawn out. In the next section, some tips on designing
mathematical tasks that promote the development of critical thinking are suggested. The suggested tips are
aligned to and seek to promote the development of the four characteristics of critical thinking. I have crafted
and implemented tasks in the primary mathematics classroom based on these tips and have found them to be
useful.
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Tips on designing mathematical tasks that can promote the
development of critical thinking
The tips are:

1) The task should be authentic or realistic.
Inherently, authentic tasks do not contain the exact information needed for the tasks to be tackled. When there
is incomplete information, students need to source for appropriate and relevant information. Alternatively,
there could be more information than needed and students need to identify which information is relevant.
2) The task should require students to state their assumptions.
Students should explicitly be asked to examine their assumptions and to state what they are. This is to increase
their cognisance that their decisions could be based on their biases or what they have assumed, rather than on
facts.
3) The task should require students to articulate various possible options or solutions.
Authentic tasks usually allow for more than one fixed response, so students could consider the tasks from
different viewpoints. When students are required to consider various viewpoints, they could come to recognise
that there are other reasonable perspectives. This encourages them to be open-minded and not immediately
make conclusions or accept any view that is commonly perpetuated.
4) The task should require students to make a decision and justify it with supporting evidence or reasons.
After considering various options, students should be able to make a decision and explain why they have
chosen that decision. They could support their decision with the information they have gathered and mention
how their assumptions have affected the decision.
An example of a task that has the potential of promoting the development of critical thinking is shown in
Figure 1. This task is suitable to be carried out at the Primary 5 level as it involves the topic of Rate, which is
taught at Primary 5.

Figure 1. Task incorporating the teaching of critical thinking
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As proposed in Tip 1, the task is designed around an authentic context. The costs of entering Sentosa by car,
parking at Beach Station carpark and taking the Sentosa Express are deliberately left out so that students have
a chance to practise how to source for authentic information. Students also need to consider the number of
people in their family as the information is not provided.
As suggested in Tip 2, the task also requires students to identify assumptions they have made. A possible
assumption is that it may be too hot at noon to have a picnic. It could also be assumed that the family would
be bringing food and other paraphernalia such as mats and towels, so it may not be convenient to walk a long
distance. Students also need to consider whether the given duration of two hours includes the parking and
walking time.
Tip 3 suggests that the task should require students to articulate various possible options or solutions. In this
task, there is no correct or wrong answer. To make a decision on the driving option, students could calculate
the costs incurred as well as consider the walking distance for each driving option. They also need to decide on
the timing of the picnic, which could have many possibilities.
Finally, as advocated by Tip 4, students do not simply make a decision, but they have to justify their choice
on the driving option. This requires students to compare the data for the different options and explain why one
option is more advantageous than another. Students could also justify why they chose a particular timing for
the picnic by citing reasons such as the weather or the different costs of parking.

Conclusion
This article hopes to clarify what critical thinking involves and to provide tips for designing a mathematical
task that could allow the characteristics of critical thinking to be drawn out. If students develop the habits
of questioning their sources of information, using verified information accurately, examining how their
assumptions affect their decisions, being open to alternative viewpoints and justifying their decisions, they
would be equipped to make better choices. Such habits can also help students discern between real and fake
news and be more equipped for 21st century jobs. It is hoped that teachers could actively encourage and
inculcate critical thinking in their lessons.
I would like to thank my PhD supervisors, A/P Lee Ngan Hoe and Asst/P Chua Boon Liang, for their valuable input in
the writing of this article.
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Think Fast, Think Slow: Algebra learning
Florence Chiang Siu Sia
National Institute of Education, Nanyang Technological University

Introduction
Why do students make common mistakes even though they do not conspire? This question was what intrigued
me to undertake this study. For example, (a + b)2 = a2 + b2 is one of the common mistakes made by students
when learning Algebra. Most people would have dismissed this mistake simply as a careless mistake or that
the students did not have the correct conceptual understanding. This, however, does not explain why students
who seem to ‘get it’ still make the same error occasionally. I am interested to delve further into the reasons for
this phenomenon using a cognitive approach.

Thinking, fast and slow
This article will be heavily based on the research Daniel Kahneman conducted regarding the cognitive biases
of the human mind in which he wrote in his book ‘Thinking, Fast and Slow’. The title of his book reflects
his thesis that human beings think in two very different ways: “fast” thinking which he calls “System 1”, and
“slow” thinking, which he calls “System 2” (Kahneman, 2011, p.20). Therefore, following Daniel Kahneman’s
language, “fast” thinking will be referred to as “System 1” while “slow” thinking will be referred to as “System
2” in this article.
These two systems have distinct characteristics. While “System 1 operates automatically and quickly with little
or no effort and no sense of voluntary control, System 2 allocates attention to the effortful mental activities that
demand it. The operations of System 2 are often associated with the subjective experience of agency, choice
and concentration” (Kahneman, 2011, p.20-21). This means that System 1 is generally impulsive and intuitive
and usually in-charge of making routine decisions. Meanwhile, System 2 is cautious and conscious and usually
take charge of complex decision-making.
System 1 and System 2 interact closely. System 1 runs automatically and continuously generates suggestions
for System 2 to endorse and these suggestions will turn into beliefs and voluntary actions. Generally, the
division of labour between System 1 and System 2 is highly efficient as it minimizes effort and optimizes
performance (Kahneman, 2011, p.25).
Returning to the example of (a + b)2 = a2 + b2 may help to explain the systems better. When presented with the
stimulus ‘(a + b)2’, System 1 substitutes with something that produces a straightforward ‘neat’ response and
(ab)2 does exactly that as it ‘brings in’ the power, which is ‘neat’. System 1 then connects (a + b)2 and (ab)2
and overgeneralize the rule of ‘bringing in’ powers that is associated with (ab)2 = a2b2. As a result, System 1
generated (a + b)2 = a2 + b2 . This outcome will then have to be verified by System 2 but because of its lazy
nature, System 2 will usually endorse most of the outcomes generated by System 1 without much checking
(Kahneman, 2011, p.31).
I provide examples from an actual pop-quiz on ‘Simplifying Algebraic Fraction’ that Secondary Three (Normal
Academic) level students had done.
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Example 1
The first item we examine in the pop-quiz is the task of expressing

as a single fraction in the most

simplified form. A significant number of students (26.9%) made a similar mistake in which they are able to
obtain the single algebraic fraction expression but are unable to simplify the algebraic fraction correctly. The
working of two such students are shown in Figure 1 and Figure 2. The following paragraphs constitute a
possible analysis of the students’ common mistakes using the framework of System 1 and System 2.

Figure 1. Student A’s working

Figure 2. Student B’s working

Notice that for both students, they obtained the first part correctly but not the second part. Using the concepts
of System 1 and System 2, it seems that System 2’s mental capacity could have been drained after the first part,
thus leaving System 1 to complete the remaining task.

How did System 1 handle the second part? It ‘substituted’ the difficult task of simplifying
easier task of simplifying

ac + a 2 c
to the
a 2 bc

aca 2 c
whereby the student treated the numerator as factors instead of terms. Notice
a 2 bc
ac

in Figure 1 and Figure 2, the students indeed proceeded to treat the terms as factors and obtained

b

by

cancelling the common terms found in the numerator and denominator. Even though there was no striking of
common terms , it is clear from the students’ working that a form of ‘cancellation’ did take place.

Example 2
The second item we examine in the pop-quiz is the task of expressing

1

+

x 3 x

2

4

9

as a single fraction in the

most simplified form. One common mistake which 30.4% students made to solve this question was to either
or to

4

and Figure 4 shows a student attempting to

x2 9
x

2

2

4

9

1

x 3

in an attempt to get a common denominator. Figure 3 shows a student attempting to

1

x 3

2

to solve the question. The following paragraphs

constitute a possible analysis of the students’ common mistakes using the framework of System 1 and System
2.
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Figure 3. Student C’s working

Figure 4. Student D’s working

This question is not presented in the form that most students are familiar with – the denominator being presented
as two factors. This question required an additional step of factorising the denominator. If the question were
presented as

1

4
, most students would have gotten the question correct. This conjecture is
x 3 (x 3)(x + 3)
+

strengthened when we look at the previous seven questions attempted by the students in which he got them all
correct. They were all presented in this particular form where no factorisation of the denominator was required
in order to see common factors. An example of these questions which he attempted is given in Appendix A.
Thus, the student may not know how to find the common denominator. What then will an uncertain System 1
do? According to the framework of System 1, it will choose a method to proceed and the method it chooses is
guided by recent events and current context (Kahneman, 2011, p.80).
Recent events such as the prior questions students had done in the pop-quiz with many questions involving only
one step in getting the common denominator could be a cue for students in thinking that this question should
be easy as well. This could explain why students would think of square-rooting or squaring the denominator as
this requires only one step to make the denominators common. Furthermore, the current context was that the
students were in a test setting hence they may have the mindset of trying their luck in writing down anything
that comes to mind to obtain as many marks as possible (Herman, 2000).
Why would the students think that by

4

x2 9

or

1

x 3

2

, they would be able to obtain a common denominator?

Recall the discussion earlier on why students make the mistake of thinking that (a + b)2 = a 2 + b 2 is true. We

think that something similar is happening here. When presented with the stimulus x 2 9 or (x 3)2 , System
1 substitutes with a 2 b 2 and (ab)2 respectively which produces a straightforward ‘neat’ response by either

‘bringing in’ the square-root or ‘bringing in’ the powers. System 1 then connects
and (ab)2 with (a b)2 and overgeneralize the rule, thus assuming that a 2

a 2 b 2 with

a 2 b 2 and
b 2 = a b and (a b)2 = a 2 b 2

is true. By System 1, the students will extend the overgeneralisation and assume that

(x 3)2 = x 2 9 is true.

x 2 9 = x 3 and

Notice that the students in Figure 3 and Figure 4 not only square-rooted or squared the denominator but they also
square-rooted or squared the numerator. We could also use the same tendency of System 1 to overgeneralize to
explain this phenomenon. There could have been emphasis of teachers to apply this principle of “if you apply
an action to the denominator, you apply the same action to the numerator” and students may have applied this
principle to the previous few questions in the pop-quiz as well. Thus, the students may have overgeneralized
this principle and applied it to this question.
11
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Discussion
Dealing with errors related to Example 1
Now that we are more aware that students tend to commit errors when their System 2’s limited mental capacity
is drained, we may consider teaching students alternative methods. With regards to Example 1, this means that
we can expose our students to another method which is to simplify the individual algebraic fractions first from

1
c
a
a
to
and
to , instead of asking students to obtain the single algebraic fraction first. This method
2
bc b
a b ab

could help to reduce the cognitive load on the students when they attempt to obtain the single algebraic fraction
as the individual algebraic fractions will be easier to manipulate. Exposing students to alternative methods will
be useful for them as this will allow them to have the autonomy to choose which method best caters to their
cognitive load capacity.
Dealing with errors related to Example 2
Students may be influenced with events which they may not even be aware of when attempting to solve
questions they are uncertain about. It is important for us to take note that our delivery of instructions or
choice of words could influence the students. As mentioned previously, when System 1 is uncertain, it bets on
an answer which is guided by recent events (Kahneman, 2011, p.80). Then, the students’ thoughts could be
activated by what the teachers say and those thoughts will then be translated into actions (Kahneman, 2011,
p.24). Thus, reflecting on Example 2, we may surmise the language of instructions might have played a role.
If the teacher emphasized only on ‘if you apply an action to the numerator, you apply the same action to the
denominator’, the theory predicts that System 1 has the tendency to overgeneralize. Students may then place
greater emphasis on ‘applying the same action’ to both the numerator and denominator instead of keeping
the equivalence of the fractions as seen in Example 2. Hence, we think that the language of ‘keeping the
equivalence of fractions’ will more productively help the students to think more meaningfully about “keeping
the equivalence of fractions” and avoid the common mistake made in Example 2.
Dealing with maximizing the interactions of System 1 and System 2
From the findings, there is a possibility that the students may be able to reduce the common mistakes made if
the interactions of System 1 and System 2 could reach the fullest potential. Kahneman expressed that one of
the best ways we can overcome errors of intuitive thought is to “learn to recognize situations in which mistakes
are likely and try harder to avoid significant mistakes when the stakes are high” (Kahneman, 2011, p.28).
What this means is to firstly, be able to differentiate situations where “fast” thinking of System 1 is sufficient
and situations where the support of System 2’s “slow” thinking is needed so that System 2’s limited mental
capacity can be used efficiently. Secondly, it is to strengthen System 2’s mental capacity so that it is able to
reduce serious mistakes from happening when the situation is risky.
Firstly, “System 2 is normally in a comfortable low-effort mode, in which only a fraction of its capacity is
engaged” (Kahneman, 2011, p.24). Thus, by strengthening System 2’s mental capacity, System 2 is being
trained so that more of its mental capacity can be utilized. One way of doing so is that instead of giving
students meaningless ‘drill-and-practice’ questions for the entire worksheets, teachers should consider
incorporating some ‘tricky’ questions where students are expected to make mathematical mistakes if they are
not careful. For example, for the ‘Simplifying Algebraic Fractions’ worksheets the students did prior to the
pop-quiz could include different forms of algebraic fractions and not let, for instance

2
(y 3)(y 2)

3

y 3

, be the predominant form for algebraic fractions. This could give opportunities for the students to exercise
their dormant System 2 to be more active and recognize question types or mathematical concepts in which they
tend to make mistakes so that they would ‘slow down’ in their thinking and be more careful in their workings.
Secondly, students should practise discerning between situations where using System 1’s ‘fast’ thinking is
satisfactory and situations where the support of System 2’s ‘slow’ thinking is needed. When students encounter
12
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‘tricky’ questions in which they might make common algebraic mistakes such as in algebraic mistakes such as in
Example 1:

ac + a 2 c ac
=
, they are encouraged to activate System 2 to ‘slow down’ and avoid such mistakes.
a 2 bc
b

After prolonged practice, these questions which initially required the mobilization of System 2 would have
become fast and automatic for the students and the utilization of System 1’s ‘fast’ thinking is sufficient for the
students to get the correct answer. Hence, during high-stakes situations (such as tests and examinations for the
students), the students thus can rely on their System 1 to get correct answers for the routine questions and only
activate their System 2’s ‘slow’ thinking when they encounter challenging or novel questions. This will allow
System 2’s limited mental capacity to be used more efficiently.

Conclusion
While ‘traditional methods’ of analysing students’ mathematical errors are still necessary to determine the
learning gaps of the students, they only deal with one aspect which is either training System 1 through more
‘drill-and-practice’ questions or training System 2 through more ‘conceptual understanding’ questions. However,
one can now consider incorporating the language of both System 1 and System 2 when analysing students’
errors to get a better picture as to why the students made those mistakes. This perspective allows educators to
provide solutions that are more holistic which can better help students identify possible mathematical errors
and thus reduce them.
I would like to thank my supervisor, A/P Leong Yew Hoong for his encouragement and guidance in the writing of this
article.
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5Es Instructional Model in Mathematics -

Engagement • Exploration • Explantion • Elaboration • Evaluation
Diem H. Vuong
Franklin D. Roosevelt High School – Dallas, Texas, U.S.A

Introduction
Every lesson begins with a learning objective. An effective instructional lesson must have clear and attainable
goals, which focus on knowledge/skill acquisition or reinforcement that follows by the course syllabus. The
differentiation between teaching Mathematics and doing Mathematics defines by how instructions are being
planned and delivering to students. Thus, the objective of this article is show how lesson plans are tailored to
provide effective instructions that is student-centred where students have ownership of their learning through
the lenses of 5Es Instructional Model.

Lesson Learning Objective: Students will be able to solve simultaneous linear equations in two variables by
substitution method.
Engagement A10-minute bell-ringer/warm-up activity or review problems at beginning of class that allow
students to make connections between past and present learning experiences. The anticipate activities should
also focus students’ thinking on the learning outcomes of current activities. Students should become mentally
engaged in the concept, process, or skill to be learned.
Warm-Up Activity (Engagement) [10 minutes]
1. For each equation, solve for x.
a.

y=x 5

x = y+5

b.

y = 2x + 3

b.

14 5(x + 3)

x=

y 3
2

2. Expand and simplify each expression.
a.

14

3(x 7)

3x 21

5x 1
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Exploration This phase of the 5 E’s provides students with a common base of experiences. They identify
and develop concepts, processes, and skills. During this phase, students actively explore their environment or
manipulate materials.

The ﬂower shop allows you to trade ﬂowers of equal value. The diagram shows two fair trades.
The antique vase costs $169. How much is the ﬂower vase cost? Explain your reasoning.

Prompt Question:
n In the second trade, what can you substitute with each flower vase? [The first trade shows that 1
flower vase is equal to 3 tulip plants and $40, so you may substitute this for each flower vase in
trade 2.]
n According to the second diagram, what combination of tulip plants and cash can you trade for an
antique vase? [7 tulip plants and $120]
n Given that an antique vase is worth $169 cash, how much cash are 7 tulip plants cost? [$49]
n Hence, how much does the flower vase cost? [$61, explanation may vary]
Making Math Connection
Each trade can be modeled by an equation written in two variables. Simultaneously, the two equations
can be solved to find a solution for each variable that satisfies both equations.

15
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Explanation This phase of the 5 E’s helps students explain the concepts they have been exploring. They
have opportunities to verbalize their conceptual understanding or to demonstrate new skills or behaviours.
This phase also provides opportunities for teachers to introduce formal terms, definitions, and explanations for
concepts, processes, skills, or behaviors. I DO method.

16
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Elaboration This phase of the 5 E’s extends students’ conceptual understanding and allows them to practice
skills and behaviors. Through new experiences, the learners develop deeper and broader understanding of
major concepts, obtain more information about areas of interest, and refine their skills. WE DO method.

Example 2: Solve the system by substitution.

Prompt Question:
n How can we get started? [If one equation is already given in one variable, use that equation 		
for the substitution. If both given equations are already solved for a variable, we may use either
equation.]
n What does a solution to both equations look like? [An ordered pair written as (x, y).]
n What does x = –4 represent? [The x-coordinate of the point where the two lines intersect.]
n What does y = –20 represent? [The y-coordinate of the point where the two lines intersect.]
n Suppose we solve the first equation for x. What expression would be substituted for x in the 		
second equation?

y
5

Example 3: Solve the system by substitution.

Example 3: Solve the system by substitution.

Prompt Question:
n Think. Which variable should we solve first? [The variable that has coefficient of either 1 or –1.]
n Does it matter which variable we select to solve first? [No. You may select/choose either variable
to solve first.]
n Which variable appears easiest to solve for? Explain. [Variable y in equation 2 appears to be 		
easiest as its coefficient is 1.]
n If y in equation 2 was solved first, i.e. y = 3x – 8, then substitute 3x – 8 into equation 1. What
property do you use? Explain. [Distributive Property to find the product of 2 and 3x – 8.]
n Why can we substitute 1 for x in either equation? [1 is the x-coordinate of a point that intersects
on both lines.]

17
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Example 4: Real-World Connection
A juice bar sells two sizes of juice drinks. A medium is $4, and a large is $5. In
one day, the juice bar sold 80 drinks for a total of $364. How many large size
drink did the juice bar sell?
Write the simultaneous linear equations to represent/model the verbal
descriptions in the word problem.

Prompt Question:
n Think. What does the solution represent in the real-world? [Depends on the assigned variables.
For example, let x represents medium and y represents large. Thus, (36, 44) represents 36 		
medium size drinks and 44 large size drinks.]
n Why is it impossible for either coordinate to be a non-whole number? [It is not possible to sell
part of a drink.]

18
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Evaluation
This phase of the 5 E’s encourages learners to assess their understanding and abilities and
lets teachers evaluate students’ understanding of key concepts and skill development. YOU DO method, as
teacher circulates and checks for students understanding and mastery of the lesson objectives.
n Students may work independently, with a partner, or in small group of no more than 5.
n Encourage for peer teaching or board work
n 5 – 10 minutes exit ticket.
n Closing:

		 4 What is a good situation for using the substitution method? [Answers may vary. 		
			 Sample: A good situation is when of the variable has a coefficient of 1.]
		 4
			
			

What is a difficult situation? [Sample: A difficult situation is when both equations
has variable with coefficient greater than 1; i.e., neither equation can be easily solved
for one of the variables.]
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Contributions invited:

You may email your contributions to the following:

• mathsbuzz.ame@gmail.com - for sharing of teaching ideas or research findings
• askdrmathsteaching.sg@gmail.com - for dicussion and clarificaitions of issues related to teaching and learning of mathematics

