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Is 2020 or 2021 the ﬁrst year of this decade?
Joseph B. W. Yeo

National Institute of Education

I would like to argue that 2021 is the first year of this decade. The calendar that we are using is the Gregorian
calendar, which has no 0 AD or 0 BC. So the last decade in the BC era was from 10 BC to 1 BC, and the first
decade in the AD era was from AD 1 to AD 10. Thus the third decade in this century is from 2021 to 2030 (not
2020 to 2029); the 21st century is from 2001 to 2100 (not 2000 to 2099); and the third millennium is from 2001
to 3000 (not 2000 to 2999). But there are many people who believe otherwise. I will address some of their
concerns in a series of questions and responses in this article.

Question 1:
Isn’t it more natural to count in tens from 0 to 9, 10 to 19, 20 to 29, etc.? For example, there are 10 ﬂoors from
the ground ﬂoor to the 9th ﬂoor.
Response:
Not all countries (including Singapore) have a ground ﬂoor. Moreover, when we have 10 objects, do you count
from 0 to 9, or 1 to 10? Or are the first 10 pages of any book (not counting the preface) from page 0 to page 9,
or from page 1 to page 10? Therefore, it is not natural to count from 0.

Question 2:
But don’t measuring instruments, such as a ruler and a weighing machine, start from 0?
Response:
Yes, but when one measures an object using a ruler from 0 cm to 9 cm, is the length 9 cm or 10 cm? This is a
continuous scale, so 0 cm to 9 cm is still 9 cm because you don’t count 0 cm as 1 cm, unlike a discrete scale
where 0 to 9 means 10 items because you count 0 as 1 item.

Question 3:
But we are talking about years. Isn’t time continuous?
Response:
Yes, but what does the year, e.g. 2021, refer to? Does it refer to a point in time (as shown in Figure 1(a)) or to
an interval (as shown in Figure 1(b))? In reality, 2021 refers to the interval of one year from 12 midnight of Jan
1, 2021 to just before 12 midnight of Jan 1, 2022, as shown in Figure 1(b).

Figure 1
2
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Now, let us look at the very first year of the timeline in the AD era and compare it with a ruler as shown in
Figure 2. What would you like to call the very first year? AD 0 or AD 1? If we look at AD 1 as an interval of
one year and that it is the very first year of the AD era, is it so strange that the very first year is called AD 1
instead of AD 0? In other words, AD 1 is an ordinal number, i.e. it is the first year; and 2021 is the 2021st year
in the AD era. (An ordinal number is a number that tells us the position of something in a list, e.g. first year,
second year, third year, etc.; while a cardinal number is a number that tells us the amount of something, e.g. 1
year, 2 years, 3 years, etc.)

Figure 2

Question 4:
But isn’t it less confusing to count in tens from 0 to 9, 10 to 19, 20 to 29, etc. because when the tens digit
changes, e.g. from 1 to 2, then it will signal a new set of tens or a new decade?
Response:
If you think about it, there is another confusing part: when the tens digit changes from 1 to 2 (e.g. from 2019
to 2020), the decade changes from the 2nd decade to the 3rd decade, i.e. 2020-2029 is actually the 3rd decade
although the tens digit is 2, just like we are living in the 21st century although the first two digits of 2000 to
2099 are 20, not 21. Isn’t this confusing as well? All these are because we do not have a 0 decade and a 0
century, just like we do not have a 0 year. So if we can accept that we are living in the 21st century (although
the thousands and hundreds digits are 20) and that the new decade is the 3rd decade (although the tens digit is
2), then why is so hard to accept that a change in the tens digit does not signal a new decade?

Question 5:
But what about the 2020s (read as twenty-twenties)? Aren’t the 2020s from 2020 to 2029 and isn’t it a decade?
Response:
Yes, the 2020s are from 2020 to 2029, and this is a decade. But there is a difference between a decade and the
nth decade. A decade is any period of 10 consecutive years. For example, I have worked in a workplace from
Jan 1, 2005 to Dec 31, 2014, so I can say that I have worked in that workplace for a decade. But do you say
that this is the first decade or the nth decade? To call it the nth decade, there must be a reference or starting point.
Perhaps this was my first job. So I can say that this was the first decade of my working life. Similarly, for our
calendar, the reference point is Jan 1, AD 1, of the Gregorian calendar, where the very first decade is from AD
1 to AD 10. Therefore, the 2020s is not the 3rd decade of the 21st century, but 2021-2030 is the 3rd decade. Just
because a period of time is a decade does not automatically make it the nth decade because the latter requires a
reference or starting point.
3
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Question 6:
But then why do we use terms like the 2020s or the 1980s?
Response:
Suppose we want to refer to the period of around 1981-1990. What can we call it? If we say the 9th decade of
the 20th century, is it easy for most people to associate the 9th decade with 1981-1990, or maybe because of the 9
in the 9th decade, they may think of the 1990s instead? But if we say the 1980s (read as nineteen eighties), most
people would immediately think of the period 1980-1989. The difference between 1980-1989 and 1981-1990
is just one year, and since we are talking about roughly that period, it is easier for us to talk about the 1980s
than to say the 9th decade of the 20th century.

Question 7:
But about birthdays? Suppose I was born on July 16, 2001. Shouldn’t my parents celebrate my first birthday
on July 15 since one year is from July 16 to July 15 the following year?
Response:
The question is what time you were born on July 16. Suppose you were born at 11 am. Then one year would
be from 11 am July 16, 2001 to just before 11 am July 16, 2002. Therefore, the first birthday would still fall
on July 16. Since few people are particular about celebrating their birthday at the exact time, they could just
celebrate their birthday at any time on July 16. Hence, if one was born on July 16, then it is right for them to
celebrate their birthday on July 16 in subsequent years.

Question 8:
But what if the person was born exactly at 12 midnight on July 16, 2001?
Response:
One year from 12 midnight on July 16, 2001 would be just before 12 midnight on July 16, 2002. If the person
chose to celebrate his or her birthday on July 15, technically his or her birthday has not arrived. Since time is
continuous, what is ‘just before midnight’? 11:59 pm on July 15 is still not good enough. Even 11:59:59 pm is
still one second short. Therefore, the person might as well celebrate his or her birthday on July 16. Nevertheless,
this would be the very few exceptions because not many people were born at exactly 12 midnight.
The same applies to school anniversaries or wedding anniversaries or any anniversaries. No school would start
at 12 midnight on the first day and no wedding would be held at 12 midnight anyway. Therefore, if a school
was founded on May 1, it makes perfect sense to celebrate the anniversary every year on May 1, and not on
April 30.

Conclusion
Measures are an important idea in mathematics and in the real world. Sometimes, it can cause confusion
because it matters whether the scale is discrete or continuous, e.g. counting from 1 to 10 gives you 10 items
but measuring from 1 cm to 10 cm gives you only 9 cm. Then there is a subtle difference between a point and
an interval on a scale, the first year (ordinal number) and one year (cardinal number), and a decade and the nth
decade. Officially, the first year of this decade may be 2010, just like how in real life we measure our weight
in kilograms, but in Science, weight is always measured in Newtons. Just because things are done in a certain
way in real life does not automatically make them correct scientifically or mathematically.
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Video-Based Critical Inquiry to
Promote Questioning
Lua Sin Nee and Goh Poh Huat Martin
Temasek Primary School

Introduction
Teacher professional development programmes seek to increase teachers’ professional knowledge and
improve classroom practices, leading to foster positive student learning outcomes. East Cluster 2 (E2) Cluster
Mathematics Networking Learning Community (NLC) provided a collaborative platform for teachers of various
cluster schools to have professional discourse in the area of questioning, through the use of Video-Based
Critical Inquiry (VBCI). VBCI gives an overview of how teachers can explore the use of classroom videos as a
tool for fostering productive discussions about teaching and learning. Videos have the unique ability to capture
the richness and complexity of classrooms for later analysis (Brophy, 2004) as they provide the means for the
teachers to enter the world of the classroom without having to be in the position of teaching in-the moment.
Video records can highlight aspects of classroom life that a teacher might not notice in the midst of carrying
out a lesson, and can capture the social fabric of a classroom (Clarke & Hollingsworth, 2000). Representatives
from the various E2 schools also selected video excerpts centred on the use of questioning and shared their
findings during the final NLC session. Teachers were introduced to various research methods (qualitative,
quantitative and mixed) to enable them to formulate their research questions, collect data and analyse them.
Through this critical inquiry, teachers were able to reﬂect on their teaching pedagogies and examined their
students’ learning.

Video-Based Critical Inquiry
The use of video recordings can highlight aspects of classroom practices when a teacher is conducting a
lesson. For instance, using external microphones, it is possible to record small-group interactions and teachers’
conversations with individual students that are not typically available to an observer in the classroom. Following
the lesson, the teacher involved and other teachers can view the lesson any time. Additionally, this can form
the collection of information to improve one’s own classroom practices. VBCI also aid teachers to develop a
common language as they engaged in professional discourse about instruction in the classroom. At the same
time, this also allow other teachers to be exposed to strategies which they may not have tried in their own
classrooms. Refer to table below for advantages on self and others.
Self

Others
Allows for viewing of “live” lessons any time

•

Helps teacher spot errors for improvement

•

Brings authenticity to
Professional Development (PD) sessions

•

Reveals other classroom foibles

•

Helps teachers develop a common language
about instruction

•

Allows observer to focus intently on students

•

Allows teachers to see strategies they haven’t
tried before in their own classrooms

Table 1: Advantages on the use of VBCI
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A six-step method on how to conduct VBCI was shared with the NLC participants:
Step

Description

Explanation

1

Establish a goal for viewing

Purposeful watching helps to filter out extraneous and
irrelevant details.

2

Focus on evidence, rather than
irrelevant or reactive details

With massive visual and auditory information, it is
essential to differentiate between details (loosely related
or unrelated to instruction) and evidence (able to draw
conclusion about instruction)

3

Focus on evidence that is important

Making crucial decisions such as discerning which
evidence is important; what inﬂuences student learning;
how do we know if the students are learning or not.

4

Use context to reason about
classroom interactions

Considering the context gives the teacher a chance to
pause and contemplate root causes for student behaviours
and interactions.

5

Make connections with principles of
effective teaching

Instead of providing just a literal description of what
happens in a lesson, each instances should be relatable to
principles of teaching and learning and not in insolation.
(van Es & Sherin, 2008)

6

Plan future instruction

Follow-up actions is paramount to impacting changes in
future practices.

Table 2: Six-step method on how to conduct VBCI

Questioning
Mathematics teachers find questioning a critical instructional tool as it facilitates mathematical communication,
engages the students and focuses their attention on a topic. Effective questioning enhances communication
between students and teachers, scaffolds learning and probes understanding (conceptual, instrumental,
relational and formal). Most importantly, it stimulates students and challenges their thinking.

In the process, students would learn to articulate their thinking and deepen their understanding, and
develop confidence in talking about Mathematics and using it. (MOE, CPDD, 2012)

“When a question engages pupils and motivates
them to ask further questions or challenge their
ideas, it has the potential to take pupils beyond
their current thinking and engage them in
higher-order thinking”
(Godinho & Wilson, 2008, p. 2)

6

Furthermore, good questioning begins
with sound planning and being clear
about the objectives of the lesson. By
planning good questions, it allows
teachers to be cognisant on how to
gather data on students’ learning so as
to enhance subsequent teaching and
learning to improve their performance.
In this way, teachers are able to access
students’ thinking and understanding
to provide feedback to improve their
learning.

Maths Buzz • Video-Based Critical Inquiry to Promote Questioning

There are three considerations on the design of questions in a lesson:
A. Ask a variety of questions – where teachers should cover the entire range of lesson objectives and
should include both low and high order relevant and relatable questions;
B. Questions asked should be pitched at the students’ ability level – so as to provide the opportunity
for students to have a higher chance of getting it right and to boost their confidence and be more
receptive to answering questions and learning similar tasks; and
C. Phrase questions clearly and directly – language and vocabulary used should be easy for the
students to understand so that they may be able to respond appropriately.

Example: Implement VBCI and Questioning in a P4 Angles Lesson
Using a 4-connected sections teaching strategy as shown below, the topic of angles (relating quarter, half and
complete turns to angles in degrees) was delivered with videos being recorded throughout the lesson. There
was a need to identify and check mastery of students’ relevant entry (prerequisite knowledge), which in this
case was the recall of topic on fractions:

. To extend learning, it is essential that the teaching of new

concepts should be facilitated and built on foundational knowledge, so as to minimise unnecessary repetition.

Introduction
Readiness

Development
Engagement

Consolidation
Mastery

Closure

Through the use of a play clock that relates to real life application of time, the mathematical language
of “clockwise” and “anti-clockwise” needed to be established before introducing the new concepts of
angles and turns. The hands-on activity in the lesson made use of riveted straws where the teacher
modelled the turn while students tried out the turning of angles using Think-Pair-Share.

7

Maths Buzz • Video-Based Critical Inquiry to Promote Questioning

Some instances of the questions used to facilitate discourse (Chapin, S.H., O’Connor, C. & Anderson, N.C.
(2009)) using the 5 Talk Moves are as follows:
Talk Moves
Revoicing

Questions Used
Are you saying that

X turn clockwise is a
right angle?

Responses Elicited

Teacher’s Response

Yes and a turn clockwise is
made up of two right angles.

What about a
clockwise?

He said that every

Great! What did you notice

turn is

turn

Repeating

To Student B: Can you
repeat what Student
A has just said in your
own words on angles?

Reasoning

What did you notice on
the relationship between
turns and angles?

turn clockwise is 90º.

Good generalisation! Is there
a difference for clockwise
turns and anti-clockwise turns
then?

Adding on

Would someone like to
add on turns related to
90º?

turn is 90º,

What about one complete
turn?

Using Wait
Time

Take your time… We’ll
wait.

similar to a right angle.

turn is 180º

and xxxturn is 270º.

about 90º and

turn?

The lesson was concluded using a game, “Simon Says” where students are expected to follow instructions such
as Simon says, “Turn 180º clockwise””, “Simon says, “Turn 90º clockwise”” etc. Through the use of the video,
the data gathered provided good evidence where students who faced difficulties grasping the concept for the
lesson, were unable to either turn in the correct direction or performed turns incorrectly. This served as a good
feedback on understanding so that the teacher can bridge the necessary knowledge gaps with the students after
the lesson.
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Conclusion
Using the video for post-lesson discussion is beneficial as the time spent is less on recalling the various stages
of the lesson, but more on purposeful time centred on the teacher’s pedagogy. This also adds clarity to the
teacher on the interaction that took place during the lesson and if the lesson went as planned based on the
specific and goals set for the lesson.
Similarly, teachers’ questioning techniques could be improved with the information captured on students’
responses, followed from the planned questions. This facilitated prompt follow-up actions which could be
targeted to improve students’ learning as well as planned instructions for subsequent lessons.
Moving forward, given the ease of implementation and the great affordance to impact students’ outcome, there
are considerations for school-wide implementations.
Teaching is a significant part of a teacher’s identity, and not all teachers are comfortable on the use of VBCI.
“Teachers may rethink about themselves given the clarity of how they may view themselves after viewing the
videos of how they have been teaching and how the students interact from their instruction” (Stone, Paton, &
Heen, 1999). Hence, it is pertinent to have a psychological safe environment to ensure teachers are comfortable
to embrace this approach. Most teachers would be anxious on the initial phase, which may lead to unhappiness
and resistance. Therefore, VBCI should be made optional by providing teachers the autonomy on how they
learn. To ensure effectiveness on the implementation, VBCI can be shared to assist and support teachers the
intrinsic drive for self-improvement instead of extrinsic motivation (Pink, 2009). In this way, they would
deepen their inner desire to achieve their personal best.
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Using Rich Mathematical Tasks to Engage Learners
Kwek Meek Lin

Raﬄes Girls’ School

Why use mathematically rich tasks?
In learning Mathematics, ‘closed’ tasks that feature single answer or single solution pathway tend to stimulate
only basic conceptual understanding and develop procedural ﬂuency. ‘Open-ended’ tasks are characterized by
having more than one correct answer or multiple solution pathways. With appropriate facilitation, open-ended
tasks have greater potential for stimulating higher order thinking such as creative problem-solving and complex
reasoning capacities. This is partly because such tasks involve searching for patterns and relationships between
elements in the problem. Students must ‘play around with’ different variables in order to generate different
solution pathways, use trial and error and explore a range of methods. They must compare the efficiency
and accuracy of solution pathways and use reasoning to adapt and apply previously learned concepts to new
situations.
Although students who have not understood or who are not ﬂuent with the mathematical concepts may still
struggle to solve problems and to apply mathematical reasoning, it is hoped that the use of rich tasks may offer
some way toward resolving the dilemma of more efficiently differentiating instruction for a diverse group of
learners.

What are mathematically rich tasks?
For a task to be “rich” enough to address the different learners in the mathematics class, the activities are
sometimes described to have a “low threshold and high ceiling”. According to Lynne McClure (2011), these
mathematical activities are typically structured so that all students can make a start to the problem, even if
needing support. The ‘low threshold’ of these tasks reinforces understanding and ﬂuency of a given concept and
allows less confident learners to experience some level of success. At the same time, further iterations of the
same tasks are designed to create the ‘high ceiling’ for engaging learners with higher level of readiness to take
intellectual risks in more complex problem solving and reasoning. This means that in the rich mathematical
tasks, the content itself remains quite simple but the level of thinking required – such as non-linear problem
solving and mathematical reasoning – can become very complex (McClure 2011, p.2).

How to create rich tasks?
The following is an example of a task on basic algebraic concept and notation. It is a useful tool for illustrating
how a teacher can possibly set one problem for all students, provide some explicit whole-class instruction, and
then respond to individual strengths and needs as they arise during the problem solving process.
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1.

Identify learning objectives
Enduring understanding
Students will understand that Mathematics is a language consisting of carefully defined terms and
symbols.
Knowledge and skills
Students will be able to
•
•

use letters to represent variables

interpret the meaning of algebraic notations

Success criteria Check on those that apply for each task
❑
❑
❑
❑
❑
❑
❑
❑

2.

Use letters to represent numbers (S1)
Interpret notations (S1)

Expansion of the product of algebraic expressions (S2)

Translate real life situation into algebraic expressions (S1)

Represent relationships by finding an algebraic expression for the nth term (S1)
Simplification of linear expressions (S1)

Enlargement and reduction of plane figures (S2)
Quadratic functions (S2)

Start with a closed version of a problem of the topic.
Problem 1
Draw a rectangle R. Each side of rectangle R increases by 4 cm.
Find the increase in the perimeter of rectangle R.
What are some considerations in selecting a base problem? In this base problem, examine the (i)
required entry level of the students to solve this problem, the (ii) possible number of ways to begin
the solution and the (iii) the range of solution pathways. To pitch the “low threshold” of the problem,
a rectangle is chosen for the relatively easy access to computing its perimeter (or area). Despite the
multiple answers arising from rectangles of different dimensions, it is considered a closed problem.
With minimal support in visualizing the figure, the problem provides clear structure in which one
correct answer can always be determined in some fixed ways.
How does the base problem address the basic algebraic concept of notation? The multiple
answers from the class provide excellent opportunities for the teacher to promote students’ thinking
and discussion about how letters can be used to represent variables. Below are some questions useful
for scaffolding the students’ learning.
•

Explain how the perimeter is calculated for each rectangle.

•

Compare the solutions. How are they similar and different?

•

What if we replace the different lengths and breadths of the rectangles by some symbols?
Does this change the process of calculating its perimeter?

•

Why do you think the lengths and breadths of the rectangles are called variables?

•

Is the perimeter a variable? Why?
11
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3.

“Open up” the problem by removing or adapting the parameters to allow for a 		
range of solutions.
Problem 2
Given a rectangle R. The dimension (length and breadth) of R is changed to give another
rectangle Q. The difference in their perimeters is (10n + 4) cm.
(i)
(ii)

What could be the dimension of R and Q?
How might the dimension of R be changed to produce Q?

Compare the perimeter and area of rectangles R and Q.
Explain your answers.
What are the features of open tasks? In this task, we can anticipate that there are
•

multiple possible answers

•

room for making mathematical thinking

•
•

different ways of solving at different levels
opportunities for reasoning and communication.

In all cases, the focus of the task must not deviate from the goal of developing and deepening the
students’ conceptual understanding of algebraic notation.
How to “open up” Problem 1? The following strategies were used in creating Problem 2. They
include (i) turning the base problem around, (ii) changing the attributes of the objects, (iii) looking for
similarities and differences, and (iv) asking for explanations.
How does the open problem address the basic algebraic concept of notation? Observe that the
use of the letter “n” in Problem 2 is one way of maintaining the mathematical focus on algebraic
expressions. Secondly, the new problem is vague enough to allow for different responses but not too
vague in case students might get overly frustrated. Most importantly, questions prompts play a critical
role in facilitating a productive discourse. Two types of prompts should be planned for differentiating
the learning experiences. Enabling prompts are designed to support students who might experience
difficulty in proceeding with the task; and extension prompts for those who completed the task readily.
Below are some questions useful for facilitating quality responses from students:
Enabling prompts
•

All rectangles have two pairs of parallel sides. How to find the length and breadth for a
given perimeter? Similarly, how could an additional length of 10n cm be possibly
“distributed” between the two pairs of parallel sides?

•

When n = 1, what is the increment in the perimeter? How about other values of n? Can these
possible values of n be tabulated to find some possible dimensions of R and Q?

Extension prompts

12

•

Is n a positive or negative number? How is it possible?

•

What are the possible values of n? Is there a maximum and minimum value for n?

•

A square with sides n cm has an area of n x n = n2. What is the area of a square with sides
2n cm? How about the area of a rectangle whose dimension is 2n cm and n cm?
Is 2 x n = n x 2? Explain.

•

If each side of the rectangle R doubles every minute, find the increase in the perimeter and
area of R at the end of 5 minutes.

•

One side of R increases by 2n cm per minute and the other side decreases by (n+1) cm per
minute. Is it possible for R to become Q? Explain your answer.

Maths Buzz • Using Rich Mathematical Task to Engage Learners

Observe the following features in the prompts and the deliberate attempt to
(a)

(b)
(c)
(d)

4.

systematically suggest recording as a way to organize responses in a table or pattern. While
the process of tabulation address the input-output idea of Functions and Representations, it
also provide a good source of evidence for pattern recognition

carefully consider the domain of a variable so that all solutions are found if the solutions are
finite. This helps to ensure the relevance and possible constraints of the variable in a real life
context
provide suitable challenge with more complex examples which also satisfy the basic task
requirement. The Bloom’s taxonomy is a good place to look for question stems suitable for
addressing different levels of higher order thinking skills.
make connections to prior knowledge or content areas

Push further by adding mathematical or procedural “problem solving” complexity.
Problem 3
Given an isosceles triangle T. When four such identical triangles are placed adjacent to
another, the shape of a foldable fan is formed. The perimeter of the fan is (10n + 4) cm.
Each side of triangle T increases at n cm per minute.
(i)
(ii)
(iii)

Write down three possible dimension of T.
How long does it take for the perimeter of the fan to double its original value?
How long does it take for the area of the fan to double its original value?

Explain your answer with suitable illustration, where necessary.
Teaching the concept of algebraic notation through problem solving does not necessarily exclude
practised application, especially for students needing further consolidation on the meaning and
manipulation of the algebraic expressions. In “opening up” Problem 2 further, observe that the
rectangular object R is replaced by an isosceles triangle T due to their similar attributes such as having
a maximum of two sets of different lengths. The increased complexity from Problem 2 can potentially
provides opportunities for students to demonstrate their learning in parts (i) and (ii) of Problem 3. In
part (iii), finding the area of an isosceles triangle creates the high ceiling as it challenges students to
make connections between their knowledge of algebraic expressions and deeper understanding of
geometrical properties of shapes.

5.

Introduce a requirement for students to demonstrate reasoning and justification for 		
the problems. This can be possibly achieved by having students

•
		

•
		

challenge one another by posing their own versions of the task, as they would have reasoned
out as they ‘worked backwards’ in the design process;
compare the different methods of working out and write reasons for which they think one is
‘better’ than another.

What is the teacher’s role in using rich problems? Teaching through problem solving does not mean simply
providing a problem or task and waiting for something to happen. The teacher is responsible for supporting
learners who are struggling and also those who find the tasks a breeze. It requires their active listening and
purposeful planning of questions prompts to facilitate productive struggle for as many students as possible.
Another important task is to close the activity with a clear indication of how the learning objectives were
achieved or the progression towards them. Lastly, active learning cannot take place without a positive classroom
culture of problem solving. In such a learning environment, students show respect for each other’s views and
value working together as they learn to take intellectual risks.
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Conclusion
As mathematics teachers, we can work together with our colleagues to build a library of problems related to
different content areas. Clearly it is not possible to collect sets of problems that cover all the content. However
it is worth a try to begin with rich exploratory investigations that set the stage for students to generate their
own questions, and when students have the questions, they are much more engaged in learning about some of
the methods we are trying to teach.
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Discovering Trigonometric Ratios from Special
Right Triangles: 45˚– 45˚– 90˚and 30˚– 60˚– 90˚
Triangle Theorems
Ms. Diem H. Vuong
Dallas Independent School District, Texas, U.S.A

Introduction
Special right triangles provide shortcuts for determining the side lengths in the 45˚ – 45˚ – 90˚ and 30˚ –
60˚ – 90˚ without applying the Pythagorean Theorem. Throughout the activities, students will examine the
relationships between the side’s lengths of special right triangles and make connections between Pythagorean
and trigonometric ratios. The activities also help students present these special triangles in different orientations
so that they can internalize the key concepts of the relative position within the triangles.
Lesson Learning Objective: Students in grade 10 and upper level at any academic level will be able to find the
exact value of the Trigonometric Ratios of the Special Right Triangles. Prior Knowledge: Students can find an
unknown measurement of one side of the right triangle by applying the Pythagorean Theorem.

Engagement
The materials involved in the engagement activity of this lesson are square shaped and equilateral cut triangle
origami papers with various measurements (i.e. squares with measurements on each side of 5 cm, 10 cm,
and 15 cm and equilateral triangles with measurements on each side of 16 cm, 18 cm, and 20 cm), rulers,
protractors, and pens or pencils. The purpose of this hands-on activity is to engage students in recalling key
academic vocabulary, such as square, right angle, congruent sides, equilateral triangles, equiangular triangles,
isosceles triangles, base angles, angle bisectors, diagonals, hypotenuse, altitude, perpendicular bisector, vertex
of the triangle, and midpoint.
Activity: Each student is given three different measurements of the square shaped and an equilateral cut
triangle origami paper. Teacher explains to students the following tasks:
•
•

Measure the dimensions of one of the rectangular figures with a ruler and label the
measurement of each side.

Measure each angle with a protractor, label the measurement of each angle respectively, and
identify the shape of the figure.
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•

Teacher asks students: “What shape is the figure? Explain your answer.”
[The shape is a Square as the measures of each angle is 90 degrees, which is known as a
right angle, and the measurement of each side are equals.]

•

Fold along the diagonal of the square and identify the shape.

•

Without using a ruler, calculate the exact length of the diagonal of the triangle.

Exploration
During the exploration phase, students repeat the same protocols for square shapes with dimensions
10 cm x 10 cm and 15 cm x 15 cm to derive that the measurement of the hypotenuse of the 45˚ – 45˚ – 90˚
triangle is equal to the measurement of the side length times
.
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Explanation
Teachers explain to students by making math connection with another example as following: If the measures
of the legs in a 45˚ – 45˚ – 90˚ triangle is a, what is the length of the hypotenuse?

Students at this phase should be able to recognize the relationships of the side length of the right isosceles
triangle and its hypotenuse. Teacher will then connect the exploration activity to the new learning objectives
and explain the key concepts of trigonometric ratios as follows:
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Elaboration
The lesson activity in the elaboration phase of this lesson is for students to discover and make mathematical
connections in the 30˚ – 60˚ – 90˚ triangle. Teacher facilitates and guides students to derive the trigonometric
ratios from various measurements of the equilateral triangles.
Step 1: Using a ruler, measure and label the length of each given triangle. Using a protractor, measure each
angle and label the angles respectively.

Step 2: Fold along from one of the vertices to the midpoint of the opposite side of the triangle.

Step 3: Without using a ruler, calculate the exact length of the altitude/ height of the triangle.
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Step 4: If the hypotenuse of a 30˚ – 60˚ – 90˚ triangle is 2a, what is the length of b (the shortest leg)? What is
the length of h (the longest leg)?

Evaluation
Students demonstrate lesson learning objectives of the trigonometric ratios of the 30˚ – 60˚ – 90˚ triangle by
completing the table below from the elaboration activity.
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Closing:
•

How is the right triangle used to determine the exact value of sine, cosine, and tangent of
an acute angle? Answers may vary. Sample answer: A right triangle is used to calculate
sine by setting the ratio of the measurement of the opposite side to the measurement of the
hypotenuse; cosine is the ratio of the measurement of the adjacent side to the measurement
of the hypotenuse; and tangent is the ratio of the measurement of the opposite side to the
measurement of the adjacent side.

•

How would you find the exact value of cos 65˚ without using a table or a calculator?
Sample answer: Sketch an acute right triangle with angle measurements of 25˚ – 65˚ – 90˚.
Measure and label each side lengths and the hypotenuse. Then determine the trigonometric
ratio of the measurement of the adjacent side length to the measurement of the hypotenuse.

Contributions invited:

You may email your contributions to the following:

20 • mathsbuzz.ame@gmail.com - for sharing of teaching ideas or research ﬁndings
• askdrmathsteaching.sg@gmail.com - for dicussion and clariﬁcaitions of issues related to teaching and learning of mathematics

