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Authentic mathematical activities include key experiences of finding 
alternative solutions of a mathematical problem, changing the conditions of 
the problem, and even exploring the origin of the problem. As such 
experiences provide students new perspectives on the problem, analyzing 
not only the answer to the problem but also the problem itself is an 
important activity in the classroom. In this paper, the author argues the 
significance of examining the problem from multiple perspectives as 
mathematical habits of mind. A particular attention is given to the act of 
tinkering with the problems with a hope that students in mathematics 
classrooms may experience the joy of learning by engaging on such an 
activity. Examples of tinkering with problems are provided with some 
practical ideas of Japanese approach to teaching mathematics via problem 
solving. It is noted that the teacher is the one who ‘tinkers’ with the 
problems at hand to facilitate students in doing mathematics with the intent 
that they may experience the joy of learning. 
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Introduction 
In mathematics classrooms teachers and students alike assume that problems in mathematics 
are to be presented in the textbooks or provided by the teachers. They consider that problems 
simply exist there just like a mountain to be climbed (Kilpatrick, 1987). This view on 
mathematical problems in the classroom urges students to think that school mathematics is 
something related to memorizing the solution procedure and that there is no room for a 
discovery or an invention by themselves. 
 
In the literature on mathematical problem solving and mathematical thinking (e.g., Polya, 1973; 
Mason et al., 1985), however, authentic mathematical activities are described as including key 
experiences of finding alternative solutions to a given problem, looking back the processes, 
exploring and changing the conditions of the problem itself, and even inquiring into the origin 
of the problem. Thus, not only finding the solution to the problem and checking its correctness, 
but also analyzing the problem itself and thinking related problems with reflecting on the 
process of mathematical problem solving are important aspects in mathematical activities. 
 
In this paper, the  aspects of mathematical activities related to the joy of learning mathematics 
with a focus on mathematical habits of mind (Goldenberg, et al., 2003; Levasseur & Cuoco, 
2003), which is often regarded as the core of doing mathematics, is first examined.  The paper 
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continues to discuss the importance of examining and analyzing mathematical problems from 
multiple perspectives to gain a bird’s eye view on them. A particular focus is then given to the 
act of tinkering with the problems with the objective of engaging  students in authentic 
mathematical activities so that they may experience the joy of learning just like Tinker Bell 
who often makes tricks for fun.  
 
A few examples of tinkering with problems are provided to illustrate how it can be enacted in 
a broader problem space than the way it is usually treated in the classrooms. Following that, a 
Japanese approach to teaching mathematics via problem solving is overviewed with a short 
description of typical organization of mathematics lessons and discussion on how teachers can 
promote students’ tinkering with the problems within this approach. It is argued that the teacher 
is the one who ‘tinkers’ with the problem at hand so as to facilitate students in doing 
mathematics with the intent that they may experience the joy of learning.  
 
 
Mathematical habits of mind and the joy of leaning 
 
The joy of learning mathematics 
The heart and the essence of doing mathematics and thinking mathematically are often 
discussed using terms such as mathematical habits of mind, mathematical processes, and 
mathematical practices. The concept of mathematical habits of mind is typically discussed in 
the framework that covers different types of competencies in mathematics. An earlier report 
from National Research Council in the United States, “Adding it Up” (Kilpatrick et al., 2001), 
for example, provides us a broader view on various types of mathematical competency we need 
to develop in students in the classroom. The proposed categories (or “strands”) are interwoven 
and interdependent in the development of proficiency in mathematics. The five categories aree: 
conceptual understanding, procedural fluency, strategic competence, adaptive reasoning, and 
productive disposition.  
 
Among the five categories, productive disposition seems to have a connection to the experience 
of joy of learning mathematics. It means the habitual inclination to see mathematics as sensible, 
useful, and worthwhile, coupled with a belief in diligence and one’s own efficacy. The 
disposition corresponds to the “tendency to see sense in mathematics, perceive it as both useful 
and worthwhile, believe that steady effort in learning mathematics pays off, and see oneself as 
an effective learner and doer of mathematics” (Kilpatrick et al., 2001, p.131). The framework 
implies that the different types of task and classroom activity are needed to develop these 
different types of mathematical proficiency.  Further, it should be noted that the development 
of the habitual inclination in mathematics takes time and with various types of rich activities. 
 
Solving a problem in mathematics is not a purely cognitive activity. Learning and doing 
mathematics involves interpersonal and emotional factors (Skemp, 1986). The joy in learning 
mathematics derives from the nature of mathematics as an intellectual activity. Skemp (1986) 
notes that “if it is agreed that genuine mathematics is simply a specialized form of intelligent 
activity, then we need no longer wonder why it can be enjoyable for its own sake (p.125).  
 
According to Goldenberg et al. (2003), thinking must be at the core of all school learning: “This 
concept is perhaps so basic to us that it is like a postulate, something accepted without reason. 
Mathematics is certainly a discipline whose principal component is thinking” (p.29, italicized 
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in the original quote).  Teaching thinking typically takes a form of problem solving by students 
and this is based on the assumption that mathematics as a discipline and as a school subject is 
most suitable to foster students’ thinking. Polya (1971) argues that “teaching to solve problems 
is education of the will. Solving problems which are not too easy for him, the student learns to 
persevere through unsuccess, to appreciate small advances, to wait for the essence idea, to 
concentrate with all his might when it appears” (p. 94). This illustrates  small advances in 
solving problems, certainly with joy of learning -  key for teaching thinking in the form of 
problem solving.  
 
Thus, it is crucial for the teacher to provide students experiences of doing mathematics with 
the joy of learning by planning a lesson to allow mathematics to be problematic for students 
and focus on the methods used to solve problem for inviting small advances in solving 
problems.  
 
Mathematical habits of the mind 
As discussed in the previous section, productive disposition means the habitual inclination to 
see mathematics as sensible, useful, and worthwhile. Another way of describing the disposition 
is more explicitly focus on mathematical habits of mind themselves. Mathematical habits of 
mind are characterized as seeing things from a mathematical perspective and mathematical 
ways of thinking.  
 
According to Levasseur and Cuoco (2003) “it's the mathematical habits of mind, or modes of 
thought, that enable us to reason about the world from a quantitative and spatial perspective, 
and to reason about math content that empowers us to use our mathematical knowledge and 
skills to make sense of and solve problems” (p. 27). Mathematical habits of mind may be 
different in the group of students of different ages. Levasseur and Cuoco (2003) list eight 
dimensions in mathematical habits of mind for secondary school students as follows. 
 

• Guessing Is Not Necessarily Bad—We All Do It! 
• Challenge Solutions, Even Correct Ones 
• Look for Patterns 
• Conserve Memory 
• Specialize—Sometimes Everything Is Special 
• Use Alternative Representations 
• Carefully Classify 
• Think Algebraically 

They note that “the habits described here should not ordinarily be the explicit objects of our 
teaching; rather, each student should internalize them as they do mathematics” (p.34). 
 
On the other hand, Goldenberg et al. (2003) distinguish the following five dimensions in 
mathematical habits of mind for elementary school students. 

• Thinking about Word Meanings 
• Justifying Claims and Proving Conjectures 
• Distinguishing between Agreement and Logical Necessity 
• Analyzing Answers, Problems, and Methods 
• Seeking and Using Heuristics to Solve Problems 
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Among the five dimensions, the fourth includes; checking and analyzing answers, tinkering 
with the problems, and creating and analyzing algorithm. This paper focuses on tinkering with 
the problems among others. 
 
The term “tinker” refers “to make small changes to something in order to repair it or make it 
work better” (Longman Dictionary of Contemporary English, 6th edition, 2014). With 
mathematical habits of mind and dispositions, students enjoy tinkering with the problems 
finding the joy of learning just like Tinker Bell who often makes tricks. In the  sections that 
follow, examples of tinkering with the problems are provided to discuss and illustrate a larger 
problem space for each of the problem than usually considered.  
 
Tinkering with the problems: Examples 

Magic numbers 
The first example is related to the “magic numbers” (For the original tasks, see Christiansen 
& Walther 1986, p. 243). This exampledemonstrates that the teacher is the one who tinkers 
with the problems by changing the task given with an intention of facilitating students in doing 
mathematics and that they may experience the joy of learning.   
 
Find the answers to the following multiplications. 

37037 × 3 =  
37037 × 6 =  
37037 × 9 =  

Strange! By which number must 37037 be multiplied, if you want 
to get 555555? 777777? 

 
We can then go further with another set of multiplications. 
 
Calculate the following multiplications. 

15873 × 7 =        
15873 ×14 =        
15873 ×21 =    

Are these results helpful for finding 15873 × 28 and 15873 × 35? 
37037 and 15873 are indeed magic numbers. 

 
The activity on the set of tasks could be led to transcend simple calculations and predominantly 
be guided by the intention of disclosing the mathematics underlying the above pattern.  
 

37037 × 3 = 111111 
15873 × 7 = 111111         Why? 
                                          

Thus, it is clear that the six-digit number 111111 is divisible by both 3 and 7. By dividing 
111111 by 3 and 7, then, we get the quotient 5291 that may also have some divisors. By 
noticing that the unit digit of 5291 is 1, and by carefully checking some calculations, the 
other three divisors can be found to be 11, 13, and 37.  Other examples of such “magic 
numbers” include 10101 × 11,  
8547 × 13, 3003 × 37. 
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         111111 = 3 × 7 × 11 × 13 × 37 
    37037  =       7 × 11 × 13 × 37 
         15873    = 3      × 11 × 13 × 37 

 
 
The teacher could facilitate to lead to exploration of other “magical numbers”. For instance, 
exploration could include the existence of pairs of three digit numbers. With careful choice of 
the combinations from prime numbers, it is obvious that the new list of multiplications easily 
follows.  
 

Here are multiplications of three digits. Find the 
Answers. 
 
 429×259 = 
 273×407 = 
 481×231 = 

 
Further exploration could include related ideas around the repeated “1”s, by having different 
digit numbers. For example, the definition of a “special number” can be modified to other 
situations, for example, if it is divisible by the sum of all the digits (Posamentier & Krulik, 
2015). 
 

Find special numbers in the following group of particular numbers. 
 
  11,  111, 1111,  11111,  111111, 1111111, 11111111, 
11111111 

 
 
In this example, the power of prime factorization in looking into the pattern and finding the 
structure of the multiplication is visible. By tinkering with the problems, different set of “magic 
numbers” can be produced. In the process of tinkering, the structure of mathematical problems 
and connections among related problems becomes visible to students. 
 
Counting the dots 
The second example deals with an efficient way of counting the array of dots in diagrams. This 
example illustrates how tinkering with the problems by changing the conditions of the task 
enriches activities in classroom. In this way, students can gain a new perspective on the 
problem. This task can be posed to the students who have learned multiplication, and pattern 
finding, and formula for finding the volume of cube can engage on the problem. 
 
 
 

How many dots can you find in Figure 1? 
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Figure 1. The dots (1) 

 
as The number of dots in Figure 1 can either be counted directly by adding all the points, or 
by adding up systematically row-by-row to yield 1+3+5+7+5+3+1. 

 
Figure 2. The dots (2) 

On the other hand, the dots in Figure 1 can be transformed to the left picture in  Figure 2 , the 
dots form  a square array, which is equivalent to finding the number of dots in a 5 x 5 square.  
 
The above counting problem can be modified by changing the original shape of the 
arrangement of dots to form other shape such as hexagon as in Figure 3. 

 
Figure 3. The dots: Hexagon. 

 
In this case, the property of symmetry can be used to provide an efficient way of counting as 
illustrated in Figure 4.   

   
Figure 4. The dots: Counting the hexagon shape. 

 
Here, the hexagon shape of dots from a different perspective. Focusing on the parts of 
“diagonals” of the hexagon shape to regard the figure as representing a sketch of a cubic shape 
(Figure 5), results in translating the task of counting the dots to be in the 3-dimensional space. 
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Then, by considering removing a “4 x 4 cube” from “5 x 5 cube”, the mathematical expression 
53 – 43 is obtained as the number of dots in this counting problem. 

 
Figure 5. The dots: from hexagonal array to a three-dimensional array 

 
Sum of exterior angles 
The next example deals with an extension of a mathematical concept in plane geometry (For 
the original problem, see Shimizu, 2014).  This example illustrates that even a mathematical 
definition can be an object of examination in tinkering with the problems. The task can be used 
in the classroom of lower secondary school level where concepts and properties of polygons 
are taught. After the properties of other convex quadrilaterals are explored, teachers may invite 
their students to think of other quadrilaterals, including a kite or even a boomerang. 
 
You are asked to find the sums of the interior and exterior angles 
respectively of the kite and the boomerang (Figure 6). Also, an 
exterior angle (to the <BAC) is shown in Figure 7. 

 
Figure 6. Kite and Boomerang 

 
Figure 7. An exterior angle. 

 
The task can be given to the students with the intention of challenging them to consider the 
definition of exterior angle for the "extended" case, since the ordinary definition of it (Figure 
7) does not fit in with the one for the obtuse angle in "boomerang" (Figure 6). 
 
The task raises an opportunity for students to reflect on the definition of exterior angle and to 
extend it to be applied with the case of the obtuse angle in "boomerang". Through such 
examination of mathematical definitions, students are challenged to understand and extend 
their original conceptions of definitions due to  changing the contexts, including finding the 
sum of exterior angles of a concave polygon. 
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Figure 8.  A new idea of exterior angle 

 
In this context, an exterior angle can be re-defined as an “outside” angle of the original angle 
as shown in Figure 8. Then, the change in the definition of exterior angle results in a different 
formula for finding the sum of them for n-polygon: (180n +360), not a constant value 360 as 
is usually taught. In the classroom, the teacher may invite students to discuss the advantages 
and disadvantagesof each definition for broaden their views on the appropriateness of 
geometrical propositions in general, and the inclusivity of mathematical definitions. 
 
 
Facilitating students’ tinkering in the classroom 
 
Development of mathematical habits of mind can be regarded a by-product of teaching 
mathematics through problem solving (Goldenberg et al., 2003). Namely, we cannot “teach” 
habits of mind directly but facilitate mathematical activities that may eventually produce a by-
product at the side of students. Also, “as you select problem sequences for teaching any 
particular content area, you can anticipate that certain habits will be strengthened” (Goldenberg 
et al., 2003, p.36).  
 
The examples in the previous section illustrate how teachers can work on the problem in a 
broader problem space than the way usually treated in the classrooms. In this section, we share 
some practical ideas of Japanese approach to teaching mathematics via problem solving for 
facilitating students’ tinkering in the classroom. 
 
Teaching mathematics through problem solving 
In Japanese approach to teaching mathematics via problem solving, teachers often organize an 
entire lesson by posing just a few problems with a focus on students' various solutions to them 
(Shimizu, 1999; 2009). They seem to share a belief that learning opportunities for their students 
are best raised when they are posed a challenging problem. The fundamental assumption that 
underlies the Japanese approach is that teachers plan a lesson by trying to allow mathematics 
to be problematic for students and to focus on the methods used to solve problem. 
 
A typical mathematics lesson in Japan has several different segments that deeply related each 
other (Shimizu, 1999). These segments serve as the "steps" or "stages" in both the teachers' 
planning and delivering actual teaching-learning processes in the classroom: Posing a problem, 
Students' problem solving on their own, Whole-class discussion, Summing up, and Exercises 
or extension (optional depending on time and how well students are able to solve the original 
problem.). There are suggestions for teaching mathematics via problem solving in relation to 
the segments in lessons (Shimizu, 2009).  
・Suggestion 1: Label students’ methods with their names 

・Suggestion 2: Use the chalkboard effectively 



Yoshinori SHIMIZU 

 38 

・Suggestion 3: Use the whole-class discussion to brush-up students’ ideas 

・Suggestion 4: Choose the context of the problem carefully 

・Suggestion 5: Consider how to encourage a variety of solution methods 
In the typical whole-class discussion segment, students’ solutions are presented and discussed. 
The focus here is not only on presenting alternative solutions to the problem but also reflecting 
on them to consider similarities and differences among the methods from mathematical points 
of view. The many ideas used to solve the problem that are shared during the discussion are 
crucial for deepening the understanding the structure of the problem.  
 
Some practical ideas to facilitate tinkering 
Among the five suggestions listed above, Suggestion 4 and Suggestion 5 are discussed here 
with an emphasis on facilitating and promoting students’ tinkering with problems. 
 
Choose the context of the problem carefully. The examples given in the previous sections 
illustrate the importance of the contexts where the related problems are embedded. The 
counting of the dots problem starts with the shape of rhombus expecting students’ idea of 
changing it into square shape. The counting methods can be contrasted between addition and 
multiplication suggesting the idea applicable to the case of hexagon. The resulted square shape 
may suggest students to think of a sketch of cube for the hexagon shape.   
 
The specific nature of the problem and the context for the problem to be formulated is crucial 
for the students to be involved in it. Careful selection of the problem context and considering 
a broader problem space for the students to work is the starting point for getting a variety of 
student responses and a mathematical extension in the problem. 
 
Although details are not provided here due to the space limitation, the open-ended approach 
(Becker & Shimada, 1997) certainly provides another way of setting the contexts for facilitating 
students’ tinkering. On occasions, teacher may pose an open-ended problem for the students to 
think about. By making the problem open-ended, the students have an opportunity to change 
the elements of the original problem like “what-if not” strategy. 
 
Consider how to encourage a variety of solution methods. Thinking about alternative 
solutions creates an opportunity to compare and integrate the methods to be used to the problem 
given. The third example in the previous section illustrates values of comparing two alternative 
definitions for an exterior angle in the case of obtuse angle. Each definition produces different 
formula (theorem) for the sum of the exterior angles. 
 
Polya (1973) noted our habitual inclination about deriving the result differently as follows.  
 

When the solution that we have finally obtained is long and involved, we 
naturally suspect that there is some clearer and less roundabout solution: 
Can you derive the result differently? Can you see it as a glance? Yet even 
if we have succeeded in finding a satisfactory solution we may still be 
interested in finding another solution. We desire to convince ourselves of 
the validity of a theoretical results by two different derivations as we desire 
to perceive a material object through two different senses (p. 61, italic, the 
original). 
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This quote suggests the importance of encouraging a variety of solution methods to understand 
the problem from multiple perspectives.  
 
Conclusion 
 
The activity of tinkering with the problems provides students an opportunity of seeing problems 
from different perspectives and in a broader problem space. Also, tinkering with problems 
enable us to see the structure of mathematical problems and connections among them.  
 
It should be noted that the teacher is the one who tinkers with the problems at hand so as to 
facilitate students in doing mathematics with the intent that they may experience the joy of 
learning. With our own experience of working on rich mathematical tasks including tinkering, 
we should provide the experience to our students with a new perspective on mathematics as 
well as the joy of learning mathematics derived from recognizing advances in solving a 
problem. 
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