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The underlying basis of the self-determination theory (SDT) is that people 
are inherently motivated to learn if their basic psychological needs of 
autonomy, competence and relatedness are met. The theory also provides a 
comprehensive taxonomy on the different types of extrinsic and intrinsic 
motivations. For example, identified and integrated extrinsic motivations 
are based on a sense of value while intrinsic motivation is based on interest. 
In this article, I will put the theory into practice, suggesting in more concrete 
terms how teachers could motivate their students to learn mathematics. 
First, I will describe some applications within mathematics and in the real 
world which could be used to motivate students extrinsically by helping 
them see the value of what they are studying. Moreover, real life examples 
might also help students relate mathematics to their own experiences. Then 
I will provide some examples of catchy mathematics songs and amusing 
videos which could be used to motivate students intrinsically by arousing 
their interest. I will also discuss how to build up students’ competence in 
mathematics by developing concepts using examples and not definitions, 
and by using guided discovery learning and guided proofs, which could also 
provide autonomy support for the students. I will examine how the practice 
of procedural skills could be structured more effectively and how 
mathematics puzzles and gamification could make such practice more 
enjoyable. Lastly, I will draw on a research study to inform what Singapore 
teachers are doing to motivate their students. 
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Introduction 
Students who are interested in mathematics usually perform well in the subject but those who 
are not so enthused usually do not do well. Or is it vice versa, i.e. students who have done well 
in school mathematics tests are generally motivated to learn more mathematics while those 
who performed badly are usually not interested in the subject? This is like the chicken and egg 
causality dilemma: “Which came first: the chicken or the egg?” It may not matter which came 
first, but the more important question is how can teachers motivate students who are  not 
interested or not competent in mathematics to like the subject and to do well? 
 
In particular, there are also students who have performed well in mathematics assessment but 
they are not really intrinsically interested in the subject. Instead, they are extrinsically 
motivated by their good grades to just memorise formulae and apply them to solve routine 
exercise questions without conceptual understanding; and they dislike solving non-routine 
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problems or doing mathematical investigation to discover patterns and concepts because this 
will pull them out of their comfort zone to think mathematically. Some of them may also find 
mathematics dry and boring, but they are doing well in the subject. The pertinent question here 
is whether extrinsic motivation should be frowned upon and that we should always strive for 
intrinsic motivation? As the term implies, ‘intrinsic’ motivation is internal, but whatever you 
try to do to develop intrinsic motivation is external or extrinsic. 
 
In this article, we will first learn from the self-determination theory how teachers can help 
students to progress from extrinsic to intrinsic motivation. Very often, this kind of theory is 
domain general: it does not go into details on how to apply it to a specific subject. But in this 
article, I will suggest some activities which teachers can use to motivate their students and to 
cultivate the joy of learning mathematics. 

Intrinsic vs. Extrinsic Motivation 
 
The self-determination theory (SDT) is a broad framework for the study of human motivation 
and development (Centre for Self-Determination Theory, 2022). The underlying basis of this 
theory is that people are inherently motivated to learn and grow (Ryan & Deci, 2020), and that 
they could only do that if their basic psychological needs of autonomy, competence and 
relatedness are met (Ryan & Deci, 2017). 
 
Autonomy is the psychological need for personal ownership over one’s own behaviours and 
actions; competence refers to the mastery of certain knowledge and skills; and relatedness 
involves developing satisfying connections with others (Deci et al, 1991). Various research 
studies (e.g. Bao & Lam, 2008; León et al., 2015; Niemiec & Ryan, 2009; Wallace et al., 2014) 
have affirmed the belief of the SDT that the support of these three basic needs of students is 
necessary for them to develop holistically and to achieve better academic outcomes. 
“Thwarting of any of these three basic needs is seen as damaging to motivation and wellness.” 
(Ryan & Deci, 2020, p. 1). 
 
Figure 1 shows the taxonomy of motivation based on the self-determination theory. On the 
right end is intrinsic motivation, where one enjoys doing certain activities for interest’s sake 
(Ryan & Deci, 2000, 2020). On the left end is amotivation, where one lacks interest to do 
something out of a perceived lack of competence or value. In the middle is extrinsic motivation. 
According to SDT, extrinsic motivation can vary widely in content and character (Ryan & 
Deci, 2020). 
 
There are generally four categories of extrinsic motivation. External regulation concerns 
behaviours driven by external rewards or punishments. Introjected regulation concerns 
behaviours driven by self-esteem for success and approval from others, which are a bit more 
internal but still somewhat external. On the other hand, identified regulation is more internal, 
where one is conscious of the value of an activity and thus endorses its goal. Finally, the most 
autonomous form of extrinsic motivation is integrated regulation, where identified regulations 
have been fully assimilated to oneself, bringing new regulations into congruence with one’s 
other values and needs. The main difference between autonomous extrinsic motivation and 
intrinsic motivation is that identified and integrated regulations are based on a sense of value 
while intrinsic motivation is based on interest and enjoyment. 
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Figure 1. Self-Determination Theory’s Taxonomy of Motivation (reproduced with 
permission from the Center for Self-Determination Theory) 

 
The SDT of the three basic psychological needs of autonomy, competence and relatedness, and 
its taxonomy of intrinsic and extrinsic motivations can be applied to inspire mathematics 
students and to cultivate their joy of learning the subject. This will be discussed in the following 
section. 

Motivating Students to Learn Mathematics 
In this section, I will suggest some activities to engage students so as to motivate them to learn 
mathematics. 

Helping students appreciate the value and relevance of mathematics 
As the SDT’s taxonomy of motivation suggests, students can be extrinsically motivated if they 
can identify with the value of what they are learning and integrate it internally into their system 
of beliefs. This is where it would be helpful for teachers to help students appreciate why they 
are learning certain topics. 
 
For example, why study logarithms? Students may not understand if teachers were to start off 
with real-life applications of logarithms such as the Richter scale, or even the use of the 
logarithm table to help multiply big numbers, since this would require students’ knowledge of 
logarithms which they do not have at the start. So what else can we do? One way is to identify 
the most basic purpose of finding logarithm. For instance, we know that 101 = 10 and 
102 = 100. But what about 10x = 50? We know that the index or exponent x should lie between 
1 and 2, but how can we find its value? This is the main purpose of logarithm: to find the value 
of the index. To do this, we need to express 10x = 50 as x = log 10 50 (read as log 50 to base 10). 

A few centuries ago, people would use a logarithm table to find the value of log 10 50. Nowadays 

we would use a calculator to evaluate log 10 50. 
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After students have learnt enough about logarithms, teachers can design an activity similar to 
the investigation shown in Figure 2, which is from a local secondary school textbook (Yeo et 
al., 2020a, p. 131), to help students appreciate the relevance of logarithms in the real world. 
The first five questions of the activity help students make sense of the Richter scale used to 
measure the intensities of earthquakes and to discover that the difference in intensities of two 
earthquakes with Richter scales R2 and R1 is 2 110R R− and not R2 − R1. For example, if the Richter 
scales of two earthquakes differ by 2, their intensities actually differ by 102 =100. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Investigation on real-life applications of logarithms (reproduced with permission 
from publisher) 

 
The last two questions in Figure 2 guide students to discover why a logarithm scale is used to 
measure earthquake intensities. In essence, the intensities of earthquakes range from small 
positive numbers to large numbers, and logarithm has this unique property to make large 
numbers smaller, and small positive numbers larger, or to be more precise, to have larger 
absolute values. For example, an earthquake with an intensity of 100 000 has a Richter scale 
of 9 while a small tremor with an intensity of 0.1 has a Richter scale of 2. But if a positive 
number is too small, taking logarithm may end up with a negative number which is even smaller 
because it is negative, but its absolute value will be larger. For example, log 10 0.001 = −3. 
Although −3 < 0.001, its absolute value 3 > 0.001. It is easier to deal with numbers such as 9 
or −3 than 100 000 or 0.001. 
 
Other than real-life applications, teachers could also use real-world examples to help students 
appreciate the beauty of mathematics in nature. For example, Figure 3 shows some beautiful 
pictures from the same textbook (Yeo et al., 2020a, p. 103) on logarithmic spirals that occur in 
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nature, e.g. a galaxy, a low-pressure area, a nautilus shell and a Romanesco broccoli, all in the 
shape of a logarithmic spiral. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. Real-life examples of logarithmic spirals (reproduced with permission from 
publisher) 

 
Another exemplar would be the use of similarity in the real world. Figure 4, which is from 
another secondary school textbook from the same series (Yeo et al., 2022, p. 149), shows how 
similar triangles can be used to find the width of a river and the height of a tree. What is seldom 
known is that similar triangles are also used in radiation oncology to ensure that the two beams 
of radiation on the back of a cancer patient do not overlap at the spinal code, as shown in Figure 
5, which is from the same textbook (Yeo et al., 2022, p. 148). For a more detailed explanation, 
see Yeo (2010). 
 
Other than real-life applications of similar triangles, there are some intriguing real-world 
implications of the similarity ratio formulae which state that the areas of two similar figures 

are proportional to the square of their corresponding lengths, i.e.  
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. For example, have you ever wondered why an ant can survive a fall from a 

tabletop, which is like 100 storeys to the ant, but we cannot survive a fall from a 10-storey 
building? Or why does a spider struggle to get out of a water droplet on its body while we have 
no trouble getting out of a swimming pool? Or why do hippopotamuses and elephants have 
very thick legs? In fact, because of the similarity ratio formulae, it is not possible for a human 
being to be 10 metres tall because their leg bones will break. Figure 6 shows an activity from 
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the same textbook (Yeo et al., 2022, pp. 175-176) for students to discover why the above are 
so. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4. Real-life applications of similar triangles in finding width of river and height of tree 

(reproduced with permission from publisher) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5. Real-life applications of similar triangles in radiation oncology (reproduced with 
permission from publisher) 

Back of Patient 
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Figure 6. Real-life implications of similarity ratio formulae (reproduced with permission 
from publisher) 

 
Another benefit of real-life examples is that they might help students relate mathematics to 
their own experiences. Although relatedness in the self-determination theory, as explained in 
the section on intrinsic vs. extrinsic motivation, refers to developing satisfying connections 
with others, we can also view relatedness in the sense of the students being able to connect 
what they are learning to their everyday lives and environments. 
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Making mathematics lessons interesting and a joy for learning 
According to the self-determination theory, intrinsic motivation is based on interest and 
enjoyment. While this kind of attributes are internal, can teachers arouse students’ interest 
directly by making mathematics lessons more engaging? Since what interests one student may 
not interest another, how are we to find an activity to interest all students? According to the 
LOVE Mathematics framework (Yeo, 2018; Yeo et al., 2019; Yeo & Safii, 2019), this is not 
possible. Instead, what teachers can do is to use a variety of resources to interest different 
groups of students, so that in the end, every student may find at least one of these activities 
appealing. 
 
The LOVE Mathematics framework (Fig. 7) has three features. What is mentioned in the 
preceding paragraph is the Variety component. The Opportunities aspect suggests that teachers 
should try to provide enough opportunities in some parts of most lessons to engage students in 
the hearts since it is not possible to make every single part of every lesson interesting, i.e. 
teachers should strive to do it often enough. More importantly, the Linking element emphasises 
that the main objective is not to make students laugh but teachers should always try to link all 
these resources to the learning of mathematics. I will now illustrate how teachers can use the 
LOVE Mathematics Framework to arouse interest in their students so that they can enjoy 
learning mathematics. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7. LOVE Mathematics Framework (Yeo & Safii, 2019) 
 
Catchy mathematics songs 
We can use mathematics songs to arouse students’ interest in learning mathematics. For 
example, Yeo (2018) described how teachers can use the song called “YouTube Polygon Song 
by Peter Weatherall” to teach students the names of certain polygons, such as pentagon and 
hexagon. This song has a catchy tune which some students may find appealing. 
In what follows, I will highlight some more exemplars. Another catchy song is called “Mean 
Median and Mode Song”, also found on YouTube. In this song, students learn how to find the 
mean, median and mode of a set of data. 
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“I Will Derive!” is a parody of the song “I will survive”. This mathematics song describes how 
differentiation can be used to solve some kinematics problems. It also mentions Isaac Newton 
and Gottfried Leibniz, the two inventors of calculus. When the song was first posted on 
YouTube on 9 May 2008, it was commented on the same day that there was an issue with one 
of the mathematical problems shown in the video. Figure 8 shows a screenshot of the problems. 
Teachers can ask students what is wrong with the first question seen in the screenshot. This is 
an example of how we can link an interesting song to the learning of mathematics. In Singapore, 
we use the term displacement s, but in the video, it is called position x(t). Despite the difference 
in terminologies, what is the same is that displacement s, or position x(t), is a function of time 
t. Can you spot the issue now? 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 8. Screenshot of a problematic problem in the song “I Will Derive!” 
 
We can also use songs to help students remember mathematics formulae. For example, Prof 
Lee Peng Yee has collaborated with a school in Singapore to produce a song to remember the 
quadratic formula, sung to the tune of the nursery rhyme “Mary had a little lamb”. Anecdotal 
evidence suggests that some secondary school students had found this song childish, but several 
of them ended up singing it anyway. For instance, when a teacher commented that a few 
students still wrote the quadratic formula wrongly in their homework, some students started 
singing the Quadratic Formula song in class. In fact, during a school excursion, one class 
decided to sing some songs on the bus, and they ended up singing this song too. The Quadratic 
Formula song may sound childish to some students but it can help them remember the formula. 
This song is not available on YouTube but can be found in the author’s repository (Yeo, 2022). 
 
Mathematics songs are not just used to make mathematics fun, but to help students learn 
mathematics as well, according to the Linking component of the LOVE Mathematics 
framework. 
 
Amusing mathematics videos 
There is also a place for using amusing videos to help students learn some mathematics. For 
example, Yeo (2018) described a YouTube video “25 divided by 5 equals 14” in which three 
ridiculous proofs were presented to justify that 25 divided by 5 is equal to 14. The first proof 
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is by division; the second proof is by multiplication to show that 14 times 5 is 25; the third 
proof is by addition to show that 14 + 14 + 14 + 14 + 14 is 25. Although most students would 
laugh at these erroneous proofs, not much mathematics would have been learnt unless the 
teacher gets the students to explain what is wrong with these proofs and to discover that the 
issue in all the three erroneous proofs lies with messing up the place value system. For more 
details on the flaw in these proofs, the reader can refer to Yeo (2018). 
 
Yeo (2021) described how a secondary school teacher used a 10-minute video containing 
snippets of a Korean drama (with English subtitles) to make a mathematics lesson interesting. 
Although the video was funny with situational jokes and slapstick humour, there was only a 
brief mention of Pythagoras’ Theorem. However, the teacher followed up on the video by 
getting the class to solve three application problems using Pythagoras’ Theorem. What got the 
class interested was that these problems, which the teacher designed herself, continued the 
storyline of the drama. After the class work, the teacher gave some routine questions from the 
textbook as homework. What surprised the teacher was that one of her students, who seldom 
handed in her homework on time, was so inspired by the storyline from the drama and the class 
work that she submitted her homework punctually. We observe in this instance how an extrinsic 
motivation from watching an entertaining video could become an intrinsic motivation to spark 
an interest in the subject. For more details on the drama and the three application problems 
done in class, the reader can refer to Yeo (2021). 
 
“Math Snacks: Bad Date” is a funny video about a woman going for three blind dates. In the 
first date, the man kept talking and he spoke 175 words compared to her 25 words. Then the 
woman told her friend on the phone that for every word she spoke, he spoke 7 words. So 
students get to learn about ratio and how to simplify the ratio 25 : 175 to 1 : 7. In the second 
date, the man spoke only 6 words while she spoke 36 words. Finally, in the last date, both of 
them spoke 57 words each, a one-to-one ratio. For other interesting videos, the reader can refer 
to my repository (Yeo, 2022). 
 
Similar to catchy mathematics songs described earlier, amusing mathematics videos should not 
only be used to arouse students’ interest but to help students learn mathematics as well. Using 
a variety of such appealing resources may motivate students intrinsically to enjoy learning 
mathematics. For other types of resources such as comics, puzzles and games, the reader can 
refer to Yeo (2018). 

Developing competency in mathematics and providing autonomy support 
Even if students enjoy mathematics lessons and appreciate the value of mathematics in the real 
world, but they perform badly in mathematics, they may also not feel motivated to learn. 
According to the SDT’s taxonomy of motivation in Figure 1, amotivation may occur due to the 
lack of perceived competence, but if students are competent in doing mathematics, they may 
feel more self-worth and thus approve of themselves, and these are various aspects of extrinsic 
motivation in the taxonomy. In this section, I will discuss how to develop students’ competency 
in mathematics so that they are more willing to learn when they feel competent in the subject, 
and why some of these activities could also provide autonomy support for the students. (As 
discussed in the section on intrinsic vs. extrinsic motivation, according to the self-
determination theory, competence and autonomy are two basic psychological needs that must 
be met for students to learn.) 
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The theory of constructivism posits that we learn by actively constructing knowledge in our 
mind (Ernest, 1994, Kimmons, 2022; von Glasersfeld, 1990). Its origin can be traced to Piaget, 
who taught that there are two processes of creating a schema to perceive or interpret our 
experiences: assimilation, where new knowledge is assimilated without changing the existing 
schema; and accommodation, where some parts of the existing knowledge base need to be 
changed to accommodate the new information. In other words, teachers cannot just passively 
transmit their knowledge to students, like pouring water into an empty vessel, but students must 
make sense of their own experiences and construct their own knowledge. Very often, what 
students constructed in their own mind might not be exactly the same as the knowledge that 
their teacher hoped to impart to them. 
 
Moreover, if the bonds between the new knowledge and the existing schema are weak, they 
will easily be broken and the new knowledge lost or forgotten. Assimilation and 
accommodation of knowledge work better if the learner makes sense of the new knowledge 
and understands it, rather than trying to remember a meaningless piece of knowledge which 
cannot be anchored to the existing schema purposefully. Hence, the theory of constructivism 
has serious implications on how teachers should help their students construct knowledge 
meaningfully. 
 
Start with examples, not definitions 
One of the two principles of learning mathematics advocated by Skemp (1987) is stated as 
follows: 
 

Concepts of a higher order than those which people already have cannot be 
communicated to them by a definition, but only by arranging for them to encounter a 
suitable collection of examples. (p. 18) 

 
Skemp (1987) went on to say that this principle was broken by a vast majority of textbooks. 
He explained that definitions are most admirably brief and exact but only teachers can 
understand them because they already know the concepts. However, definitions are 
unintelligible to students, so it will not be easy for students to assimilate or accommodate these 
meaningless ideas into their existing schema. Motivated students may wait for the teacher to 
illustrate a definition with examples, but uninterested students may just switch off. Since 
examples are needed to understand a definition, why not start with examples first? 
 
Choosing a suitable collection of examples is not easy. Skemp (1987) clarified that “the 
examples must have in common the properties which form the concepts but no others” (p. 19). 
The examples must be alike in the sense that they all contain the properties to be abstracted, 
but they must also be different for the properties irrelevant or contrary to this particular concept 
to fail to summate. If you do not understand what Skemp meant by his idea of a suitable 
collection of examples in this paragraph, then bingo! This is an instance of why we cannot 
understand definitions (in this case, the definition of a suitable collection of examples) if we 
do not already know the concept. 
 
To illustrate what Skemp (1987) meant by a suitable collection of examples in the preceding 
paragraph, I will give you a sample here. Figure 9 shows six triangles. A subtle point in the 
design of this activity is that the letters A to F are not written inside the triangles so that students 
will not think that the letters are parts of the triangles. 
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Figure 9. Examples and counter examples of congruent triangles 
 
The teacher can get the students to discuss what some common properties among these triangles 
are. Students may discover that Triangles A, B, C and D have the same shape and size, by 
measuring all the angles and lengths of the sides of each triangle, or by cutting the triangles 
and stacking one on top of another, including flipping a triangle over if necessary, so that they 
overlap exactly; while Triangle E has the same shape as Triangles A to D (because all the 
corresponding angles are equal) but its size is different; and Triangle F has a different shape 
from all the other triangles (maybe Triangle F has the same size as Triangles A to D but it does 
not matter here). 
 
Then the teacher can inform the students that Triangles A, B, C and D are called “congruent 
triangles” because they have exactly the same shape and the same size. This is one of the 
definitions of congruent figures (see other definitions later in this section). Therefore, in this 
suitable collection of examples to teach the concept of congruence, Triangles A to D all contain 
the properties to be abstracted (in this case, same shape and same size), while Triangles E and 
F contain properties contrary to the concept of congruence (namely, different size and different 
shape respectively). Skemp (1987) regarded these contrary properties as “noise” (p. 19) but he 
believed that some noise is necessary for concept formation. Students need to see counter 
examples of congruence in order to understand what congruent triangles are. 
 
However, Skemp (1987) cautioned that in the earlier stages, the noise should be low, with little 
distracting detail, so as not to confuse the students. But as the concept becomes more 
established, increasing noise can help students understand the concept more fully. For example, 
Figure 10 shows two triangles with different colours. Because this article may not be printed in 
colour, I will just use white and black. Are the two triangles congruent? 
 
 
 
 
 

Figure 10. More difficult counter example of congruent triangles 
 
In fact, the two triangles are congruent because when we talk about congruent figures, we are 
referring to geometrical figures whose only attributes are shape and size but not colour. So the 
two triangles in Figure 10 are congruent but not identical (in every aspect). Here lies the danger 
of showing examples and non-examples of real-world congruent figures or objects right from 
the beginning because the high noise level (irrelevant properties such as shape, size, colour, 
texture, etc.) may be too distracting for some students. For instance, no two chairs in the 
classroom will be exactly the same because one chair may be slightly shorter by 1 mm, or some 
parts of the paint may have fallen off, or there may be a scratch somewhere. All this noise may 
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distract students from understanding the concept of congruence and some of them may end up 
developing certain misconceptions. 
 
To develop the definition of congruent figures having the same shape and the same size further, 
students can cut out Triangles A to D in Figure 9 to stack one on top of another, including 
flipping a triangle over if necessary, so that they overlap exactly. This will lead to the second 
idea that two figures are congruent if and only if one can be mapped onto the other by 
translation, rotation and/or reflection. 
 
Another definition that can be observed from Figure 9 is that two triangles are congruent if and 
only if all their corresponding angles are equal and all their corresponding sides are equal in 
length. This third definition applies only to congruent polygons but does not apply to congruent 
figures in general, e.g. congruent circles or congruent irregular-shaped figures that do not have 
well-defined angles and straight edges. 
 
The above exemplar illustrates Skemp’s (1987) principle of using examples and counter 
examples to develop a mathematical concept, leading to three formal definitions of congruence. 
This is in line with the findings of a research study by Zodik and Zaslavsky (2008), who 
observed five experienced teachers teaching students from the seventh to the ninth grade and 
collected 604 examples generated by these teachers. The latter usually started with a simple or 
familiar example, before they gave other examples that may “vary just one element at a time” 
(p. 174). This is similar to the sequence of examples in Figures 9 and 10, where subsequent 
triangles are different from the first triangle by rotation, reflection, translation, size, shape and 
colour respectively. 
 
The above approach can also be viewed from the lens of the Concrete-Pictorial-Abstract          
(C-P-A) approach used in Singapore schools (Chang et al., 2017, Leong et al., 2015, Yeo et al., 
2019), which is based on Bruner’s (1964, 1966) enactive-iconic-symbolic mode of teaching. 
Cutting out the triangles involves the use of concrete or physical manipulative, the drawing of 
triangles is pictorial, and the formal definitions of congruence are abstract. 
 
Guided discovery learning 
The above exemplar of developing the concept of congruence by guiding students to discover 
certain properties from a suitable collection of examples can also be considered a type of 
discovery learning advocated by Bruner (1961). However, at higher level, one may not always 
be able to use concrete manipulative. For example, how can we use concrete manipulative to 
teach students the product law of logarithms, namely, loga x + loga y = loga xy? 
 
In the Extended C-P-A approach (Yeo et al., 2019), ‘concrete’ can refer to concrete 
experiences. In primary school, the use of physical manipulative is concrete for students but 
numbers can still be abstract for some students. In secondary mathematics, numbers have 
become more concrete but algebra is still abstract for many students. In university, algebra has 
become concrete for most undergraduates but modern algebra may not be so. In other words, 
what is abstract at one level usually becomes more concrete at a higher level. Therefore, we 
should not always stick to physical manipulative or even virtual manipulative but we can use 
numbers in secondary school mathematics because numbers are within the realm of these 
students’ concrete experiences. 
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Figure 11 shows an investigation from Yeo et al. (2020a) which uses numbers to guide students 
to discover the more abstract product law of logarithms. Although this is only a conjecture to 
be proven at a later stage, students can observe from the numerical counter examples that 
lg x + lg y ≠ lg (x + y), a common misconception, but lg x + lg y = lg xy. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 11. Guided discovery learning (reproduced with permission from publisher) 
 
When students discover a concept or formula themselves, albeit with some guidance, they have 
some ownership of the knowledge discovered, unlike being told the concept or formula. This 
is one way teachers can provide some autonomy support for students to learn mathematics by 
guiding them to discover the concept or formula. According to the self-determination theory in 
the section on intrinsic vs. extrinsic motivation, autonomy is one of the three factors that affects 
students’ motivation to learn. 
 
Guided proofs 
Guided discovery through observing patterns is not foolproof. The observed pattern may not 
be the actual underlying pattern: it is just a conjecture to be proven or refuted. So how can 
students be taught to justify a conjecture? If the teacher just shows a proof, it can be quite 
passive and students may not actively construct their own knowledge meaningfully. If the 
teacher asks suitable questions in class while showing a proof, this may help students who have 
been asked or have answered the questions to think more deeply about the proof so as to 
construct their own schema. But what about the rest of the class who did not answer the 
questions? 
 
Another way is to get students to prove the conjecture themselves. For high readiness students, 
the teacher could let them try proving it on their own, while walking around the class to 
supervise and to give hints to those who are struggling with the proof. For middle readiness 
students, the teacher could break down the proof into a few parts, with a guiding question to 
help students prove each part. An example of such a guided proof with guiding questions from 
Yeo et al. (2020a) is shown in Figure 12. For low readiness students, the teacher could provide 
even more scaffolding in the form of a written proof with strategic blanks for the students to 
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fill in. Figure 13 shows an example of such a guided proof with blanks, also from Yeo et al. 
(2020a). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 12. Guided proof with guiding questions (reproduced with permission from publisher) 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 13. Guided proof with strategic blanks to fill (reproduced with permission from 
publisher) 

 
Getting students to prove a conjecture themselves, with or without the help of a guided proof, 
stimulates students to think through their proof, thus strengthening the bonds formed between 
this new knowledge and their existing schema. Similar to guided discovery learning, guided 
proofs allow students some autonomy over their behaviours and actions to learn mathematics. 
Structured practice of procedural skills 
Mathematics is not just learning about mathematical concepts and skills, but there is a place 
for practising procedural skills until the students are proficient in doing so. This competency 
in knowledge and skills form the resources, that according to Schoenfeld (1985), is one of the 
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necessary components needed to solve unfamiliar mathematical problems, the other three 
components being heuristics, control (or metacognition) and beliefs. 
 
Anecdotal evidence suggests that just because a teacher shows the solution of a worked 
example on the whiteboard, it does not mean that all students would be able to reproduce the 
solution on their own. According to the principles behind the gradual release of responsibility 
model (Pearson & Gallagher, 1983), or what is also called “I do, we do, you do” strategy by 
Fisher and Frey (2008), the teacher needs to transit from “I do” (e.g. the teacher shows the 
solution of a worked example) to “We do” (e.g. the teacher does a similar worked example 
together with the class by getting the students to tell him or her what to do next) to “You do” 
(e.g. the students work on another similar problem independently). By similar questions, we 
mean the questions have the same structure, except for the numbers used or a slight variation 
in the sentence structure or context. 
 
However, according to the theory of constructivism discussed earlier in this section, “I do” is 
not so effective because it is very passive. Moreover, there is not enough curriculum time for 
the teacher and students to go through the entire process of “I do, we do, you do” three times 
just to do one type of similar questions. In addition, time also does not permit the teacher to 
show a worked example for every single practice question. 
 
Therefore, I suggest that we modify this strategy to “We do one, you do more”. First, the teacher 
will go through the solution of a worked example together with the whole class by asking 
questions and getting students to think how to proceed with solving the problem. Then the 
students will do a similar question on their own, except that the teacher will go around the class 
to provide guidance to students who need help. The latter can also be considered as some kind 
of guided practice where help is only rendered when necessary. 
 
After that, the students will continue their seatwork by solving a few questions that are slightly 
different from their first practice question in terms of structure and difficulty. These are the 
questions that the teacher, from his or her expertise and experience, judges that most of his or 
her students can still do on their own with minimal guidance from the teacher as the latter walks 
around the class to supervise the seatwork. The teacher will show the solution of a new worked 
example only when the next question is too difficult for most students to do independently 
without any help from the teacher. As to how many questions for students to do for each set of 
seatwork, it really depends on the type of questions: it can just be one similar question, or a 
similar question and one or more progressively difficult tasks. 
 
The “We do one, you do more” strategy can provide enough structure and scaffolding for 
students to develop their competence in procedural skills. But prolonged practice of such skills 
can be quite boring for many students. Is there a way to make such practice a bit more 
interesting occasionally? 
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Puzzles and gamification 
Figure 14 shows a simple puzzle from Yeo et al. (2020b) in which students practise their 
procedural skill of adding and subtracting integers, with the added motivation of finding the 
answer to the given riddle. Although some students may find the riddle lame, they may find it 
a bit more interesting than just practising the procedural skills alone. 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 14. Puzzle with a riddle (reproduced with permission from publisher) 
 
Another way to design a puzzle to practise procedural skills is shown in Figure 15, where 
students have to test which of the given numbers are prime numbers so that they could trace 
the path from the policeman to the thief (Yeo et al., 2020b). Such puzzles are within the 
capabilities of teachers to design for other mathematics topics. One caution here is that such 
puzzles will lose their novelty effect if they are used too often. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 15. Path puzzle (reproduced with permission from publisher) 
 
With the advance of technology, gamification in education is now possible. McKernan et al. 
(2015) discovered from their research that students who had more in-game rewards seem to 
enjoy the game more. Although this may not translate directly to learning, students may feel 
more motivated to complete the tasks and thus attain mastery in the concepts or skills faster. 
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For example, a local secondary school teacher, Jeremy Lim Ching Sen, who received the 
Excellence in Teaching Award from the Association of Mathematics Educators in 2021, has 
designed an online Escape Room using Google Docs, to arouse his students’ interest in solving 
mathematical problems. Figure 16 shows two questions that his students needed to answer in 
order to get out of the Escape Room. The first question was just a practice of procedural skills 
to solve a fractional equation. The second question required his students to identify the first 
mistake made in the given solution: the ability to spot mistakes involves some higher order 
metacognitive monitoring and regulation of thought processes. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 16. Escape Room 
 
In another question (not shown in Figure 16), his students were asked to identify which of the 
given equations are fractional equations, thus assessing their concept of what constitutes a 
fractional equation. There was also a question that asked his students to identify certain steps 
needed to solve a fractional equation. In other words, gamification does not necessarily focus 
on practising some procedural skills, but depending on how the questions were structured, 
students could also be assessed on their conceptual understanding and metacognitive processes. 
 
Some of the students had found the Escape Room fun, even when their group did not come in 
first and obtain the rewards given by their teacher. Somehow the mechanics behind trying to 
escape from the Escape Room had intrigued some students and made the seatwork more 
enjoyable for them. Whether this kind of gamification translates to more effective mastery of 
the content requires further research, but what is clear here is that it has motivated some 
students to solve the given problems, including practising procedural skills. 

Conclusion 
The self-determination theory has provided a suitable theoretical lens for us to understand how 
teachers can motivate their students to learn a subject by taking care of their three basic 
psychological needs of autonomy, competence and relatedness. In particular, for mathematics, 
guided discovery learning and guided proofs can provide autonomy support for students to 
have ownership of their learning as they construct their own knowledge, cementing the new 
knowledge meaningfully to their existing schema. Such conceptual understanding can also 
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build up students’ competence in mathematics. On the other hand, structuring the practice of 
procedural skills using the “We do one, you do more” strategy discussed in this article could 
also help students to develop competence in such skills. In addition, the use of real-life 
examples could also help students relate mathematics to their own experiences. 
 
Moreover, the SDT taxonomy of intrinsic and extrinsic motivations have helped us to 
understand the underlying basis of intrinsic motivation and of the different kinds of extrinsic 
motivations. In particular, since the more autonomous extrinsic motivations are based on a 
sense of value, we can start by helping students appreciate the value and relevance of 
mathematics in the real world in order to motivate them to learn. We can also try to make 
mathematics lessons more interesting since intrinsic motivation is based on interest and 
enjoyment. 
 
In Singapore, we have done a large-scale research study on how secondary school mathematics 
teachers enacted the school curriculum. The first phase involves video recording a total of 30 
experienced and competent teachers from 23 different schools teaching a topic for one to three 
weeks each. Yeo (2021) reported that 66.7% of these teachers built up students’ confidence in 
doing mathematics by starting with tasks that students could do before progressing to more 
difficult tasks, and 50% encouraged their classes to persevere and to do well in mathematics. 
Only 36.7% of these teachers used real life examples and/or applications to help their students 
appreciate the relevance of mathematics, while a mere 10% tried to make lessons interesting 
by using mathematics-related resources (in contrast to telling non-mathematics stories or 
jokes). 
 
In the second phase of this study, 677 secondary school mathematics teachers from 108 
secondary schools participated in a survey to find out how often they engage in the classroom 
practices of the 30 teachers video recorded on the first phase. It was found that 97.3% of the 
677 survey participants reported that they also frequently developed students’ confidence in 
doing mathematics by using progressively difficult tasks, 98.5% usually encouraged their 
classes to persevere, and 70% often used real life examples and/or applications to help their 
students see the value of mathematics in the real world. Only 34.1% of the survey participants 
indicated that they regularly made their lessons interesting by using mathematics-related 
resources. 
 
From this research study, we observe that most local teachers seem to focus more on developing 
students’ competency by using appropriate tasks and encouraging them to persevere and to do 
well in mathematics, than helping students appreciate the value of mathematics and relating 
the subject to their own experiences in the real world. In fact, the lowest priority is to make 
mathematics lessons interesting. According to the self-determination theory of intrinsic and 
extrinsic motivations, perhaps our teachers could pay more attention to helping their students 
see the value of mathematics and cultivating their interest so that they enjoy doing mathematics. 
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